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Abstract. Flow variation over time is an important feature in netwodwflproblems arising in various
applications such as road or air traffic control, producsgatems, communication networks (e.g., the
Internet), and financial flows. The common characterisgcraatworks with capacities and transit times
on the arcs which specify the amount of time it takes for flowvawel through a particular arc. Moreover,
in contrast to static flow problems, flow values on arcs maygbkavith time in these networks.

While the ‘maximums-t-flow over time’ problem can be solved efficiently and ‘minstdlows over
time’ are known to be NP-hard, the complexity of (fractignahulticommodity flows over time’ has
been open for many years. We prove that this problem is NB;leaen for series-parallel networks, and
present new and efficient algorithms under certain assompn the transit times or on the network
topology. As a result, we can draw a complete picture of thaptexity landscape for flow over time
problems.

Keywords: network flow, routing, flow over time, dynamic flow, complexiefficient algorithm

1 Introduction

A crucial characteristic of network flows occuring in reabnd applications is flow variation over
time. This characteristic is not captured by classicatistaetwork flow models known from the
literature. Moreover, apart from the effect that flow valoesarcs may change over time, there is
a second temporal dimension in many applications: Usuidiy does not travel instantaneously
through a network but requires a certain amount of time teetrtorough each arc. Thus, not only
the amount of flow to be transmitted but also the time needetthéotransmission plays an essential
role. Various interesting examples can be found in the suavicles of Aronson [1] and Powell,
Jaillet, and Odoni [15].

The Model.Ford and Fulkerson [7, 8] introduce the notiorflofvs over timdalso called ‘dynamic
flows’) which comprises both temporal features mentionexvabThey consider networks (directed
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graphs)G = (V, E)) with capacitiesu, andtransit timesr, on the arce: € E. The transit timer,

of an arc specifies the amount of time it takes for flow to tréreh the tail to the head of that arc.
In contrast to the classical case of static flows, a flow oveetin such a network specifieslaw
rate entering an arc for each point in tithdn this setting, the capacity, of an arc limits the rate
of flow into the arc at each point in time. In order to get anitivtea understanding of flows over
time, one can associate arcs of the network with pipes in @ipi system for transporting some
kind of fluid. The length of each pipeline determines thegriatime of the corresponding arc while
the width determines its capacity. A precise definition ofvBamver time is given in Section 2.

Results from the LiteratureFord and Fulkerson [7, 8] observe that a flow-over-time mwbin

a given network with transit times on the arcs can be transdrinto an equivalent static flow
problem in the correspondingme-expanded networlk he time-expanded network contains one
copy of the node set of the underlying network for each disdiee ste@ (building atime laye).
Moreover, for each arewith transit timer, in the given network, there is a copy between each pair
of time layers of distance, in the time-expanded network. Thus, a discrete flow over iimtbe
given network can be interpreted as a static flow in the cpoeding time-expanded network. Since
this interrelation works in both directions, the conceptimie-expanded networks allows to solve a
variety of flow over time problems by applying algorithmiclmiques developed for static network
flows; see, e.g., [6]. Notice, however, that one has to payhisrsimplification of the considered
flow problem in terms of an enormous increase in the size ofdteork. In particular, the size of
the time-expanded network is only pseudo-polynomial initipeit size and thus does not directly
lead to efficient algorithms for computing flows over time.

Ford and Fulkerson [7, 8] give an efficient algorithm for thielpem of sending the maximum
possible amount of flow from one soure& one sinkt within a given time horizof". The problem
can be solved by essentially one ‘static’ min-cost flow cotafion on the given network. Ford and
Fulkerson show that an optimal solution to this min-cost fiablem can be turned into a maximal
flow over time by first decomposing it into flows ert-paths. The corresponding flow over time
starts to send flow on each path at time zero, and repeats edahgsas there is enough time left
in the T time units for the flow along the path to arrive at the sink. Awvflover time featuring this
structure is calledemporally repeated

A problem closely related to the one considered by Ford atikeFaon is thequickests-t-flow
problem Here, instead of fixing the time horizdfi and asking for a flow over time of maximal
value, the value of the flow (demand) is fixed afids to be minimized. This problem can be
solved in polynomial time by incorporating the algorithmFaird and Fulkerson into a binary search
framework. Using Megiddo’s method of parametric searcH,[Bdirkard, Dlaska, and Klinz [2]
present a faster algorithm which solves the quickestlow problem in strongly polynomial time.

Hoppe and Tardos [12, 11] study tlggiickest transshipment problewhich asks for a flow
over time satisfying given supplies and demands at the nodasetwork within minimum time.
Surprisingly, this problem turns out to be much harder thendpecial case with a single source
and sink. Hoppe and Tardos give a polynomial time algoritomttie problem, but this algorithm
relies on submodular function minimization and is thus mleds efficient than for example the
algorithm of Ford and Fulkerson for maximus¥t-flows over time.

4 In fact, the discrete flow model considered by Ford and Faltkeis slightly different from the model we consider in
this paper. However, Fleischer and Tardos [6] point outtii@atwo models are essentially equivalent; see also [4].
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Even more surprising, Klinz and Woeginger [13] show thatgheblem of computing a min-
imum costs-t-flow over time with prespecified value and time horizon is hii*d. On the other
hand, this problem can be solved in pseudo-polynomial tiyne static min-cost flow computation
in the time-expanded network. Klinz and Woeginger also fpoirt that the class of temporally re-
peated flows does in general not contain a min-eestlow over time. In fact, it is even strongly
NP-hard to compute a temporally repeated solution of miningost [13].

Fleischer and Skutella [4, 5] introduce a ‘condensed’ vdrid time-expanded networks which
is based on a rougher discretization of time and therefam@sléo networks whose size is polynomi-
ally bounded in the input size. This approach yields fulljypomial time approximation schemes
(FPTASes) for various variants of the weakly NP-hard qustkkw problem with costs. The best
known result for the strongly NP-hard problem of computirguackest temporally repeated flow of
minimum cost is g2 + ¢)-approximation algorithm [4], which is based on a lengthuiaed static
flow computation.

Contribution of this Paper.The results in [4, 5] also hold for the more general settinthwiul-
tiple commodities. Multicommodity flows model the trandpation of several distinct types of
flow through a single network. The resulting problems arécglfy much harder than their single-
commodity counterparts. For example, the only known patyiadtime algorithms for static mul-
ticommodity flow computations require general linear pamgming techniques (e.g., the ellipsoid
method or interior point methods). The complexity of the tisommaodity flow over time problem
(without costs) has so far been open. Hoppe [11] poses th#epnoof developing a polynomial
time algorithm to solve fractional multicommodity flows ov@me. In Section 5, we prove that
such an algorithm does not exist, unless P=NP. In fact, tHeécommodity flow over time problem
is NP-hard, even when restricted to series-parallel nddsvor to the case of only two commaodities.

Flows over time raise issues that do not arise in standakgonketflows. One issue is storage
of flow at intermediate nodes. In most applications (sucteas, traffic routing, evacuation plan-
ning, telecommunications), storage is limited, undesicedven prohibited at intermediate nodes.
For single commodity problems, storage is unnecessary, iawbe NP-hard setting with costs [5].
However, for the quickest multicommodity flow problem, theixist instances where the time hori-
zon of an optimal solution increases by a factod g% when storage of flow at intermediate nodes
is prohibited [4]. In Section 6 we prove that the multicomntpd@low over time problem with sim-
ple flow paths and without storage of flow at intermediate sadestrongly NP-hard. Without the
latter restriction the problem can be solved in pseudofmmtyial time as a static multicommodity
flow problem in the time-expanded network. The best knowaltésr the strongly NP-hard variant
with simple flow paths and no intermediate storagedsagproximation algorithm for the quickest
multicommodity flow problem [4]. An overview of the compléxilandscape of flows over time is
given in Table 1.

Motivated by the results on the hardness of multicommodity$lover time in Sections 5 and 6,
we study special conditions on the transit times of arcs anthe network topology under which
multicommodity flows over time can be computed in polynontiade. In Section 3 we consider
arbitrary network topologies with transit times on the asafisfying the following condition: All
paths (in the corresponding bidirected network) betweeamyefixed pair of nodes have the same
transit time. This condition is, for example, obviouslyistééd for the important but non-trivial
case of tree networks. We show that, under this assumptiany fitow over time problems can be
solved as static flow problems in a polynomial-size varidrttroe-expanded networks witt(n)
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Table 1. The complexity landscape of flows over time in comparisoméodorresponding static flow problems. The third
column ‘transshipment’ refers to single-commodity flowshageveral source and sink nodes. The NP-hardness results
marked with a*’ are proved in this paper. The weak NP-hardness resultsieMerfor series-parallel networks. On the
other hand, we prove that these problems can efficiently bed tree networks and arbitrary networks with ‘uniform
path-lengths’. The ‘pseudo-poly’ entries follow since tiespective problems can be solved as static flow problems in
the time-expanded network. The quoted approximation t®tld for the corresponding quickest flow problems.

s-t-flow transshipment min-cost flow multicommodity flow
(static) flow poly poly ¢ s-t-flow) poly poly (~ LP)
flow over time p;epuig—r%oly
with Storage pseudo_poly -

poly 7] poly [12] NP-hard [13] FPTAS 3]
flow over time (= min-cost flow) ¢ subm. func.) FPTAS [5] strongly NP-hard
without storage 2-approx. [4]

time layers § := |V]). We believe that this result is also of interest for flow otiere problems,
like the quickest transshipment problem, which are knowhddasolvable in polynomial time for
arbitrary transit times. While the algorithm of Hoppe anddie [12, 11] relies on submodular
function minimization, we can solve the special case of floblem as a statig-¢t-flow problem in
a network withO(n?) nodes and)(nm) arcs (n := |E|). The presented approach works for both
settings, with and without storage of flow at intermediatde®

Finally, in Section 4 we consider networks with arbitrargrisit times where every node has
at most one outgoing arc. In particular, there is a uniquecsssink path for every commodity
in such networks. Under the assumption that storage of flametmediate nodes is allowed, we
present a simple greedy algorithm for the quickest multicmdity flow problem: Whenever there
is a conflict between several commodities using the saméharalgorithm gives top priority to the
commodity which is furthermost from its sink node. We proliattthis simple strategy yields an
optimal solution in polynomial time. The proof uses a gelieed notion of ‘earliest arrival flows’.

2 Preliminaries

We are considering network flow problems in a network (deddraph)z = (V, E) withn := |V|
nodes andn := |E| arcs. For an are = (v, w) we writehead(e) := w andtail(e) := v. For a
nodev € V, the termsi* (v) andd~ (v) denote the set of arcs leaving nodétail(e) = v) and
entering nodev (head(e) = v), respectively. Each are € FE has associated with it a positive
capacityu, and a nonnegative transit timg € R™. Moreover, in the setting with costs, each arc
has associated a non-negative cost coefficienthich determines the per unit cost for sending flow
through the arc.

There is a set of commodities = {1,...,k}, where every commodity € K is defined by
a set of terminalsS; C V which can be partitioned into a subset of soursgsand sinksS; .
Every source node € Sj has a supphyD, ; > 0 and every sink» € S;” has a demand,; < 0
such thatzvesi D, ; = 0. In the special case of only one sourgec V' and one sink; € V we
letd; :== D, ; = —Dy, ; and refer tal; as thedemandof commodity:.
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Static Flows. A static (multicommodity) flow in G assigns every arc-commaodity pairi a non-
negative flow valuer. ; such thaflow conservatiorholds:

Y @i = Y @ei =0 forallv e V\ S;andi € K. 1)

Z Tei — Z Tei = Dy, forallv € S; andi € K.

Finally, = is calledfeasibleif it obeys the capacity constraints := > . zc; < ue, foralle € E.
The cost of a static flow is defined as(z) := > . ce Te.

Flows Over Time.A (multicommodity) flow over tim¢g in G with time horizonT is given by
Lebesgue-measurable functiofis; : [0,7') — R wheref. ;(6) is the rate of flow (per time unit)
of commodity: entering arce at time6. In order to simplify notation, we sometimes uge;(6)
for 6 ¢ [0,T), implicitly assuming thaff. ;(¢) = 0 in this case.

The flow f. ;(¢) of commodity: entering are at time# arrives athead(e) at timef + .. All
arcs must be empty from tini€ on, i.e., f. ;(¢) = 0 for § > T — 7.. To generalize the notion of
flow conservatiorto flows over time, we integrate the flow conservation coirgisg1) over time.
Depending on the modestorage of flow at intermediate nodesight be allowed. That is, flow
entering a node can be held back for some time before it issemard. To rule out deficit at any
node, we require that, for alle K, 6 € [0,T),

0 forveV\S/,
/(Z feil) = Z feil )dg_ {Dv,i forv € S;F. @)

ecdt e€d™

Moreover, we require that equality holds in (2) for K,60 =T, andv € V' \ S;, meaning that no
flow should remain in the network after tirfie In the model without storage of flow at intermediate
nodes, we additionally require that equality holds in (2)dthi € K, 0 € [0,T), andv € V' \ S;.

The flow over timef satisfies the supplies and demands if by tifhehe net flow out of each
terminalv € S; of commodity: equals its supphyD,, ;:

/ ( Z fez )_ Z fez - >d§ = sz fOf&”iGK,UGS@. (3)

ecdt(v) e€d(v)

In the setting of flows over time, the capacity is an upper bound on thate of flow entering
arce at any moment of time. Thus, a flow over tinfes feasible if f.(#) < w. for all 6 € [0,T")
ande € E. Here, f.(0) := > ;. fe,i(0) is the total rate at which flow is entering ar@t time6.

The cost of a flow over tim¢ is defined as(f) := > g ce fOT fe(0) do

Problem Definition.Given a networkG with capacities and transit times on the arcs, a set of com-
modities with supplies and demands at their terminals, atmthe horizonT’, the multicommodity
flow over time problerasks for a feasible flow over time with time horizéhsatisfying all supplies
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Vo

Fig. 1. Example of a network with uniform path-lengths. The numlaithe arcs indicate transit times.

and demands. In the setting with costs, thi@-cost (multicommodity) flow over time problesks

for such a flow over time with minimum cost. Another interegtobjective for flows over time is

to minimize the time horizon: Theuickest (multicommadity) flow problem (with cosssho find a
flow over time inG that satisfies all supplies and demands within minimal tim@nd whose cost

is bounded by a givebudgetC). Finally, in themaximum (multicommodity) flow over time prob-
lem (with costsve are given a time horizoll and instead of having supplies and demands at the
terminals, the goal is to maximize the total amount of flonnbesent from sources to sinks (under
the condition that the costs are bounded by a glwetgetC). Of course, flow of each commodity
can only be sent from its sources to its sinks.

3 Networks with Uniform Path-Lengths

In this section we present a polynomial-time algorithm fa tin-cost multicommodity flow over
time problem in a special class of networks which, in paticucomprises trees. Even on trees
the multicommaodity flow over time problem is far from beingyial. For example, it follows by a
straightforward reduction from th&avelength routing problerf8] that finding anintegral multi-
commodity flow over time is NP-hard in binary trees.

For a given networkz = (V, E) with transit times on the arcs, we & = (v, ?) denote the
corresponding bidirected network With .= FUE andE = {(v,u) | (u,v) € E}. Moreover,
the ‘transit time’ of a backward ar@, u) € T is set t0T(yu) = —T(uv)- IN the following we

assume that7 is connected and that the transit time of every directedadycﬁ is zero. The latter
requirement is equivalent to the condition that, for«alb € V, the transit time of any twa-v-
paths inG is equal. Therefore we refer to this class of networks wihsit times asetworks with
uniform path-lengthsAn example is given in Figure 1.

Letvy € V be an arbitrary but fixed node. Forc V' let 7, denote the transit time ofw@awv,-path
in ‘G . In the network depicted in Figure 1, these valuesmgre- 3, 7,, = 0, andr,, = —2. For a
given time horizoril’, let

T = {r,T+1,|veV}.

For the network in Figure 1 aril = 7 we get7 = {3,10,0,7, —2,5}. Notice thatr, is the earliest
point in time at which flow emerging from nodecould possibly arrive aty. Similarly, T + 7, is
the latest point in time at which flow can be sent frognto v such that it still arrives in time, i.e.,
before timeT'. Hence,7 contains all ‘essential’ points in time at which decisiorsédto be made
at nodevy. More precisely, we show below (Lemma 1) that it is sufficienthange the outflow rate
out of arcs arriving aty and the inflow rate into arcs leaving at these points in time only. The
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same property holds for all other nodeg V' and incident arcs whe® is replaced by
T—1={0—7,10€T} .

Since|T| < 2|V, this insight constitutes the backbone of the results pitesen this section.
We introduce some additional notation: Sort the element® such that?; < 0, < --- <

f,. Moreover, letd, := —oo andf,41 := oo, and define a corresponding partition of the time
axis[—oo, 00) by time intervalsl; := [0;,60,41),7 = 0,...,¢. In Figure 1 withT" = 7 we getg = 6
and the time intervaldy = [—o0,—2), Iy = [-2,0), Ir = [0,3), Is = [3,5), Iy = [5,7),

Is = [7, 10), andlg = [10,00)

Lemma 1. If there exists a flow over timg with time horizonT satisfying all supplies and de-
mands, then there exists a corresponding solufianith c(f) = ¢(f) and the following additional
property: For every are = (u,v) € E and every time interval; — 7, :== [0; — 7,,6,41 — 7,), the
flow rate f. ;() is constant fol € I, — 7, for every commodity € K.

It follows from the property off stated in Lemma 1 that also the inflow rate;(6 — 7.) into
nodewv on arce = (u,v) at time# is constant fo¥ € I; — 7,. By definitionr, = 7, + 7. such
thatd € I; — 7, ifand only if 0 — 7, € I; — 7,,.

Proof. Fore = (u,v) € F andi € K, define
_ 1 .
feﬂ-(H) = m/f fe,z(g)dg fOI’HEIj—Tu,] :0,...,q.
J i~ Tu

Here,|I;| := 6,41 — 60, denotes the length of the time intervdlsand I; — 7. Hence,f arises
from f by averaging flow on aras= (u, v) within time intervals/; — 7, j = 0,...,q.

By definition of 7, each time interval; — 7, is either contained irf0,7" — 7.) or disjoint
from [0, — 7.), for alle = (u,v) € E. This is clear sinc& — 7, contains bott) andT — 7.
(For instance, fofl’ = 7 and nodev in Figure 1, the intervalg; — 7, j = 0,..., ¢, are[—oo, —5),
[-5,-3), [-3,0), [0,2), [2,4), [4,7), and[7,0).) In particular, for alle € E andi € K, we
getf..(0) = 0ford ¢ [0, T — ) since this property certainly holds for the given solutjn

Moreover, it follows from the definition of that no flow is rerouted compared fo Thus, f
satisfies all supplies and demands (see (3)) and its costid &mthe cost off. It is easy to see
that f satisfies the capacity constraints sirfosoes. It therefore remains to show tifagatisfies the
flow conservation constraints (2).

Consider a commodity € K and a nodev € V. Notice that, by definition off, flow of
commodityi leaving nodev on some outgoing arc is averaged within each time intefyal .
Moreover, the same observation applies to flow entering naale some incoming are = (u, v)
since by definitiorr,, = 7, + 7. and thusl; — 7, — 7. = I; — 7,,. Hence, the overall flow balance
in nodev is averaged during time intervals — 7,.. As a consequencé, fulfills flow conservation
since f does. In the remainder of the proof, we give a more precisdebatintuitive argument for
the latter conclusion.

Consider again a commoditye K and a nodey € V \ S;" (the following argument easily
extends to nodes € S;"). By definition of f, the left hand side of (2) is equal fgrand f if 6 :=
6, — T, for somej. To see this, note th& — 7, — 7. = 0; — 7, =: 0', forall arcse = (u,v) € 6~ (v)
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and thust’ is on an interval boundary far as well. Letd, ; ; denote the (non-positive) left hand
side of (2) forf andf := 0; — 7. Then, ford; — 7, < 6 < 0,1 — 7, the left hand side of (2) fof

is a convex combination @, ; ; andd, ; ;1 and therefore non-positive as well. This concludes the
proof. a

It follows from the last part of the proof of Lemma 1 that stggaof flow at intermediate nodes
does not occur irf if it does not occur inf.

Corollary 1. Lemma 1 also holds if storage of flow at intermediate nodemisilpited.

The min-cost multicommaodity flow over time problem can nowftwenulated as a linear pro-
gram of polynomial size. For € F,i € K,andj = 1,...,q — 1, the variablex. ; ; denotes the
amount of flow of commodity that is sent into are = (u, v) during the time interval; — 7, at
constant rate. ; j/|1;]|.

q—1
min E Ceg Le,i,j

ecE j=1
s.t. Z( > weig — Y, xe7i7j> = D,; forallicK,ves;, 4)
J=1 \e€ét(v) e€d—(v)
p
foralli ¢ K,v € V\S;"
— .. < ] ]
Z( Z Te,i,j Z_ xe,m) <0 andpzl’_”,q—ll, (5)
j=1 \ees+(v) e€d~ (v)
foralli e K,ve ST,
Z( Z xe,z,a - Z we,m) < Dy, andp=1,....q -1, 6)
Jj=1 \ecé*(v e€d—(v)
S e < Il orale e B =gt )
€K
o foralle = (u,v) € E,i € K,
Teij = 0 andl; — 7, Z [0,T — 7.), (8)
f Il E,iec K
reis > 0 orallec E,ic K,

- andj =1,...,q— 1.

Constraints (4) correspond to (3) and enforce the satisfadf all supplies and demands. Con-
straints (5) and (6) are a reformulation of the flow conséwwatonstraints (2). In particular, re-
placing “<” by “="in (5) yields a formulation for the model where storage ofwflat intermediate
nodes is prohibited. Constraints (7) correspond to theagpeonstraints. Finally, constraints (8)
ensure that flow can only occur within the time interj@lT").

Since linear programs can be solved efficiently (e.g., bgriat point methods), we get the
following main result of this section.

Theorem 1. The min-cost multicommodity flow over time problem (with theut storage of flow
at intermediate nodes) in networks with uniform path-lésgtan be solved in polynomial time.

While this result relies on general linear programming téghes, we can give more efficient
algorithms for the special case of a single commaodity. Tlagerithms are based on the insight
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Fig. 2. The networkG’ for the underlying networkz given in Figure 1 and” = 7. We assume that every nodeGhis

both a source and a sink for some commodities. The six thidesiare the corresponding super-sources and super-sinks.
The dashed arcs are holdover arcs which are only presentéfgg of flow at intermediate nodes is allowed. The nodes
are labeled with the corresponding interva)s— 7., I; — 7v,, andl; — 7, respectively. Nodes are drawn in light gray

if their interval is not a subset 98, T")

that the linear program stated above can be interpreted Essiaal network flow problem in a
network G’ = (V', E’). An illustrative example of the following construction 6f is given in
Figure 2.

For every node € V and everyj =1,...,¢ — 1 with I; — 7, C [0,T), there is a copy; of v
in V. Moreover, if storage of flow at intermediate nodes is alldwbere is an infinite capacity
‘holdover arc’ between successive copiespie., (v;,v;+1) € E'. For every are = (u,v) € E
andeveryj = 1,...,q — 1 with I; — 7, C [0,T — 7), there is a copy; = (u;,v;) of e in E';
the capacity ok; is |I;| u., its cost isc.. Finally, for every commodity € K and every source
nodev € S;F (sink nodev € S;7), we add a super-source (super-sinkto V' and corresponding
infinite capacity arcgv’,v;) (respectively(v;,v")) to E’, which connect’ to all copiesv; €
V' of v. The supply (demand) of super-source (super-sirikis set toD,, ;. All other nodes are
intermediate nodes.

Observation 1. A feasible static flow i&:’ corresponds to a feasible solution to the linear program
of equal cost and vice versa. Here, the linear programmingpie . ; ; represents the flow value
of commodityi on arce; in G’. The flow on the arcs incident to super-sources and sup&ssire
defined accordingly.

This observation leads to the following strengthened wersif Theorem 1.

Theorem 2. A min-cost (multicommodity) flow over time problem in a nekw@ = (V, E) with
uniform path-lengths can be solved by a static min-cost tiomhmodity) flow computation in a
networkG’ with O(n?) nodes and)(nm) arcs.
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We finally turn to the quickest multicommodity flow problemifivbounded cost) in networks
with uniform path-lengths. As a result of Theorem 2, thishpem can be solved within a binary
search framework by a series of static flow computationshérfaéllowing we discuss an algorithm
with considerably improved running time. In particularr tbe case of a single commodity, this
algorithm can be implemented to run in strongly polynomiialet

First notice that the construction of the netw@rkonly depends on the sorting of the elements
in7 ={r,, T+ 7, | v € V} but not on the exact choice @f (only the arc capacities i’ depend
on the exact choice df). Since there are at moét(n?) choices ofI" leading to different sortings
of the elements of (the sorting only changes when = 7, + T for some pain, v € V), the right
sorting can be found by binary searchiilog n) steps. What remains is a parametric network flow
problem inG’ where the capacities of arcs linearly depend on the exadteldT.

Theorem 3. The quickest (multicommodity) flow problem in a netwGrk= (V, E) with uniform
path-lengths can be solved B}(log n) static (multicommodity) flow computations and one para-
metric static flow computation in networks with{n?) nodes andD(nm) arcs.

4 Networks with Out-Degree at most One

In this section we discuss a combinatorial greedy algorittirihe quickest multicommodity flow
problem in networks whose nodes have either out- or in-gegtamost one. This class contains
paths, cycles, in- and out-trees and also combinations asieltycle with one or more of its nodes
being roots of in- respectively out-trees. In the followikvg assume that every commodity K
has exactly one source nodgand one sink node;. An important feature of the networks under
consideration is that there exists a unigyé;-path P; for every commodityi. In particular, it is
useless to consider costs in this setting since every feasitution has the same cost.

The basic notion of our greedy algorithm is to schedule the #iacording to priorities that
are assigned to the individual commodities in such a waytti@ahigher a commodity’s priority,
the longer (with respect to the number of arcs) its remaifiiog path lying ahead. Intuitively, in
a traffic network this approach corresponds to giving thbtraf way to those road users that are
furthermost from their destinations. Since this approattoduces waiting times at intermediate
nodes, we do not restrict storage of flow at intermediate siauhis section.

Restricting to the Case of Out-Degree at most Ok¢e may henceforth assume without loss of
generality that the networks fulfills |6 (v)| < 1 for all v € V. We can do so, for the setting
whereG has in-degree at most one, i.@;; (v)| < 1 for all v € V, is symmetric hereunto in the
following way. Consider an arbitrary instance of the problehereG has in-degree at most one.
Evidently, the networkG = (V, E), with e = (v,w) € E if and only if (w,v) € E, has out-
degree at most one. We set the transit time of(araw) € T to Tlww) = T(w,w)- NOW, consider

an arbitrary feasibl&@-horizon flow f for the canonically reversed problem instancanThen, if
we let the flowf run backwards in time, starting @t and ending a0, we get the ‘blueprint’ of a
feasibleT-horizon flow for the original problem i. In particular, this argument can be applied to
any optimal solution of the reversed instance and yieldsaimal solution to the original instance.
We may therefore assume from now on that there is at most cren@anating from any node.
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Earliest Arrival Flows. If we consider the situation with only a single commodity, @flover
time with time horizonT" is called anearliest arrival flowif the amount of flow arriving at the
sink is maximized until any given momefite [0,7") in time [9]. For the setting with multiple
commodities, we use an intuitive extension of the notionasfiest arrival flows.

Let f,,:(0) be the inflow-rate of commodityinto nodev at timed. If v = s; or if v is not on
the uniques;-t;-path P;, thenf, ;(#) = 0 for all 6 € [0, T"). Otherwise,

fv,i(a) = fe,i(e - Te) forall 6 € [O,T),

with e = (u,v) andu being the predecessor obn pathP;. A feasibleT-horizon multicommodity
flow f is called arearliest arrival multicommodity flow the total amount of flow arriving at any
nodev € V until any time# € [0,7), i.e., the expression

0

> [ e

€K

is maximal among all feasible solutions. Notice that eatlarival multicommodity flows do not

exist for general instances. In the current setting, howekiey do. This will become clear in the
proof of correctness of our algorithm. The following Lemmatates that earliest arrival flows are
optimal.

Lemma 2. Suppose we are given an instance of the quickest multicoityrftmv problem in a
network whose nodes have out-degree at most onef lbet an earliest arrival multicommodity
flow having time horizofl". Then,f is is a quickest flow.

Proof. Assume thaf is not a quickest flow. Lef* denote an optimal flow with time horizdhi* <
T'. In the current setting, we have unique source-sink pBttier all commoditiesi € K. The total
amount of flow to be sent over any arc in the network is thus ugligdetermined. Ag is not
optimal, there exists a hodec V' such that

Z/ﬂz% Z/ﬁz%<2%—2/ﬁ1% Z/ﬁz%,

€K 0 icK icK ieK
whereK := {i € K | v € P;\ {s;}}. This contradicts the earliest arrival propertyfof 0

Evidently, the earliest arrival property is sufficient bt necessary for a quickest flofv

The Greedy PropertyDue to the uniqueness of the source-sink paths, we canltpthsdible ‘con-
flicts’ between commoditiea priori, i.e., before sending any flow through the network. We may
specify a right-of-way rule for the commodities that soldgpends on the paths the commodities
are using. In order to do so, we assign a node-dependenitypgarl’ x K — Nto each node € V

and to all commodities € K. The assignment is given by

pi(v) = H{u,...,t;} -1 foralli € K andv € P,
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whereu, ..., t; denotes the sequence of nodes aléhthat follow nodev. For all nodes ¢ P;, we
setp;(v) := 0. The assignment implies that, wheneyefv) > p;(v) fori,j € K andv € V, the
flow of commodity; has to travel to a sink; that is ‘further away’ than the sink of commodity:.
For simplicity of presentation, we from now on assume thawwmcommodities share the same

sink. This can be done without loss of generality, for evastance where some commoditieg

K have a common sink € V' may be transformed into an equivalent instance with distimk
nodes for the two commodities: simply ‘split’ the notieto two sink nodeg; and¢;, connected
by an infinite capacity arc with transit tinte As a consequence, at each nade V, the priority
valuesp;(v) > 0,1 € K, are pairwise different.

The Greedy AlgorithmWe denote byl" an upper bound on the optimal time horizon. This bound
is not necessary when implementing the following greedwprélgm, it is only introduced for sim-
plicity of presentation.

For the greedy algorithm we adopt the notionpoéflowsfrom classical network flow theory.
We define the excess of commoditg K in nodev € V' \ {s;,;} to be

0
e0i(6) = /O (Foi€) — Loul©)) de for 0 € [0, 7,

wheree is the unique arc withail(e) = v. For the source afwe define the excess to be

0
ea:sm(ﬂ) = d; —/0 fe,i(g) d€ for g e [O,T],

wheree is the unique arc withail(e) = s;.

A preflow over timeobeys the capacity constraints and the flow conservatiopepty (2), but
the demands are not necessarily satisfied, i.e., (3) doesgral not hold, and nodes other than the
sinks might have positive excess at tiffieln other wordsez,, ;(7°) > 0 might hold for some e
K andv € V \ {t;}. Moreover, we require thatz,, ;(7') > 0 for all i € K, i.e., the flow of
commodity: leaving the source; must be bounded hy;.

The greedy algorithm starts with the trivial preflgiywheref. ;(0) = Oforalle € E,i € K,
andé € [0, 7). It modifies this preflow by iteratively pushing flow of one cordity through one
arc such that it arrives at the head of this arc as early asgp@gse., in an earliest arrival fashion).
For a given preflow over tim¢, letr.(0) := u. — f.(6) denote the residual capacity of are F
attimed € [0,7).

In every iteration, the greedy algorithm chooses a new modemodity pair(v,i) € V x K
with highest priorityp;(v) > 0 such that flow of commodity has already been pushed into
in an earlier iteration butv, i) has not been considered yet. Leebe the unique arc leaving
(i.e.,e is the next arc on the path} afterv). Then, for increasing < [0,T), the flow ratef. ;(#) is
computed as follows: If currently,, ;(6) > 0 (i.e., there is excess in nod thenf. ;(6) := r.(6);
otherwise,f. ;(#) := min{f,;(f),7.(0)}. Notice, that the excess functien, ; and the residual
capacity function-. must permanently be updated. We argue below that the megditnction f. ;
is a step function with at modt: breakpoints, for every € E andi € K.

Theorem 4. The greedy algorithm yields a quickest multicommodity flod/rins in timeO (nk?).
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Proof. We prove that the greedy algorithm yields an earliest drtasad therefore an optimal) flow
by induction on the number of iterations.
Induction hypothesis:

At the end of an iteration, the prefloyvhas the ‘earliest arrival property’, restricted to all
pairs(v, 1), for which commaodityi has already arrived at nodec P;.

Let K{ C K be the subset of commodities which have already arrived d& nan f. Then, the
restricted earliest arrival property reads:

0
forallv € V.andf € [0,7), E / fui(§) d€ is maximal among all preflowsg’. (9)
0
€Ki

This property obviously holds in the beginning, before tingt fteration. If Property (9) holds after
every iteration,f is an earliest arrival flow in the end.

Induction StepBy construction of the greedy algorithm, in every iteratitmwv of some commaodity
is pushed ‘as early as possible’ through an arc to the next.nbaderefore the restricted earliest
arrival property still holds after this iteration. This adndes the proof of optimality.

Running Time:The greedy algorithm ha®(n k) iterations. We show that each iteration takes
time O(k). Given a preflowf, we call f.(0), § € [0,T), theflow profileof arce € E. We show
below thatf. is a step function after each iteration of the greedy alboritLet B( f.) denote the
number ofbreakpointsof f.. Now, given an arbitrary are = (v, w) € E, we sort the commodi-
ties in descending manner according to the priorities inengd.e., we havek = {i,...,ix}
with p; (v) > pi; ., (v), forj=1,... .k - 1.

Claim. Foranyj € {1,...,k}, in order to ship the entire flow of commoditiés . . . ,i; over arce,
the algorithm computes a flow profijge which is astep-functiorwith no more thar2;j breakpoints,
i.e., B(fe) <2j.

Given this claim and considering the commodities in revensker, we can easily count the
number of breakpoints of. ;;: The flow profile f. resulting after sending commaoditiés . .., i;
overe has no more thafj breakpoints. On the other hand, we also know that the flowlprofi
commoditiesi, . .. ,i;—1 has at mos2; — 2 breakpoints. It thus follows that the flow rateigfon e
changes at mostj — 2 times and can thus be computed‘k) time.

It remains to prove the claim. The underlying (trivial) retiof the proof is that the sum of two
step functionsf, f” again yields a step functioff’, and, in the worst case, the numbé&f), B(f’)
of breakpoints off, ' add up to the numbeB( /") of breakpoints off”. Assume by contradiction
that there is an are and a numbey for which the claim is false. We choogeminimally and take
the first arce on path/;; for which the claim does not hold.

We first argue thaf > 1: For the first commaodity; € K to be sentover arc € F, itis apparent
that the entire demand};, is shipped within a single constant flow-rate time interval.see this,
note that in casé’, does not start witle, commodityi; has the highest priority in all previous
nodes onP;, as well. This yields a flow profilg. with two breakpoints. We thus have(f.) = 2.

Itis also easy to see thats not the first arc on patF;,: By minimality of j, we haveB(f.) <
2j — 2 before commodityi; is sent over are. By construction of the greedy algorithm, pushing
commodityi; from sources;, through arce can add at most new breakpoints tg.: The first one
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Fig. 3. Reduction from RRTITION: All arcs have unit capacity. The arc transit times are givethe picture. For the
upper arcs;, j = 1,...,n, they are taken from theARTITION instanceay,. .., a,. The transit times of the lower
arcse; are0. At the sink node;, a demand ofl = 2 c is present.

when we start to send flow of commodity throughe; the second one when we stop to send flow
of commodityi;.

We can assume by choice pande that commodities,, ... ,i; arrive on several ares, . . . , e,
attail(e) such thatB(fe,) +- - -+ B(fe,) < 2j. Thatis, the inflow profile of commodities, . . . , i;
in nodetail(e) has at mosg; breakpoints. If this inflow profile fits into arg i.e., if its maximum
is bounded by the capacity., it is equal to the flow profilef. and we are done.

Otherwise, consider a time intenél #’) such that the inflow profile exceeds during this time
interval. When flow is pushed through arcthe peaksaboveu, in the inflow profile are truncated
and the are is saturated until tim@’. Then, at timeY’, there is positive excess in nodeil(e)
which is removed by keeping the arsaturated up to some moment in tiffe> ¢’ when the flow
profile f. finally returns to the inflow profile again. Notice that thigrication/saturation operation
does not increase the number of breakpoints. This concthegsroof of the claim and the proof of
the theorem. O

5 Weak NP-Hardness Results

In this section we prove NP-hardness for the multicommofliity over time problem. As in the
last section, we consider instances with one soudycene sinkt;, and demand); for every com-
modity : € K. In Section 5.1, we show that the multicommaodity flow overdiproblem with or
without storage at intermediate nodes is weakly NP-harénThn Section 5.2 we refine the proof
and show that this hardness result already holds for théamase of only two commodities.

5.1 NP-Hardness with and without Intermediate Storage

Theorem 5. The multicommodity flow over time problem with or withoutage at intermediate
nodes is NP-hard on series-parallel networks. The sameshioidthe maximum multicommodity
flow over time problem.

In the following discussion we concentrate on the multicardity flow over time problem.
At the end of the proof we very briefly note how the maximum msolhmodity flow over time
problem can be handled.

We give a reduction from the well-known NP-hardfI1TION problem: Givem integer num-
bersai,...,a, € Nwith > ;a, = 2L for someL € N, the task is to decide whether there
is a subset3 C {1,...,n} such thaty ,_pa; = L. Given an instance of ARTITION, we con-
struct achord as shown in Figure 3 and introduce the first commodity withre®u, sink ¢, and
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Fig. 4. To let only ¢ units of flow pass through in the given time horizorf" = L + ¢, a commodity; is added with
demandi; = L. The new ards;, v) has capacity 1 and length 0.

demandd = 2c¢. Here,c < 1 is some positive constant. Further commaodities will be dddeer.
The time horizon is set t@' := L + c¢. This constitutes the main building block of the reduction,
which is similar to other well known reductions oARTITION to flow problems; see, e.g., [13].

Let P denote the set of all™ paths froms to ¢. For P € P, let 7(P) := ) _.p7. be the
length of pathP. For a given flow over timg (of the first commodity) and a path € P, letzp
denote the total amount of flow of the first commodity routezhglP, that is,xp = fOT fr(0) do.
Furthermore, we define. := Y pp... p 7p to be the amount of flow of the first commaodity routed
through arce.

Lemma 3. It is NP-hard to decide whether a flow amount2af can be routed frons to ¢ within
timeT = L + ¢, such thatz, < ¢ holds for all arcse.

Proof. We will show that such a routing exists if and only if there isaution to the RRTITION
instance, i.e., there iB C {1,...,n} such that) ._; a; = L. First the easy direction: If such a
subsetB exists, route: units of flow along the patl®z consisting of arcge; | i € B} U {e] | i ¢
B}. The remaining: units are routed along the complementary paghwith B := {1,...,n}\ B.
Itis clear thatr, = cforall e € E and7(Pp) = 7(Pg) = L. Therefore2 ¢ units can be routed in
timeT.

Assume thag c units can be routed in tim€ = L + ¢ such thate, < cforalle € E. Itis easy
to see that:, = ¢ must hold for all arce. Consider the following sum of weighted path lengths

prT(P) = pr Z a; = Zai Z Tp

pPcpP pPeP i€{l,....,n}:e;€P i=1 PcP:e;eP
n n
= Zaixei = cZai = 2clL .
i=1 i=1

In particular, the weighted average path length is equdl.tblo flow can be routed on a path of
length strictly larger tharl. sincec < 1 and alla; are integer. Thus, sending a positive amount of
flow on a path of length strictly smaller thanwould also imply that the weighted average path
length is strictly smaller that.. Hence, every path which carries a positive amount of flowtmus
have length exactly. and therefore induces a subgewith >,z a; = L. a

Our aim is now to enforce the bound < ¢ for all arcse by introducing one further commod-
ity j per arc. We split every are = (u,v) into two consecutive arcg:, s;) and(s;, v) with unit
capacity; see Figure 4. The transit time(sf, v) is zero and the transit time ¢f., s;) equals the
transit time of the original are. Notice that this modification has no impact on feasible flowesr
time for the first commodity. Now we introduce the additioeammodity ; with sources; and
sinkt; = v. The demand of this new commodity is set/toTherefore, at mostadditional units of
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flow of the first commaodity can be sent through &s¢, v) within time T" = L + ¢. Note that flow
does not need to be stored at intermediate nodes, thus taetimdworks for both models, with
and without storage. This concludes the proof of the first glafheorem 5.

Maximum Multicommodity Flow Over Tim&he presented construction cannot be used directly to
obtain the NP-hardness for the maximum multicommodity fle@rdime problem. In the gadget
depicted in Figure 4, we need that exadilynits of flow of commodity; are sent. But in a solution
for the maximum multicommodity flow setting, where the dedgare not given explicitly, it might
be advantageous to send more tliammits. To enforce this constraint nevertheless, one caaremgh
the gadget by adding another commodity which basically ke arc thatj has to take for
units of time. One can then show that every optimal flow carréestormed into a flow in which
exactly L units ofj are sent. We will not go into details and only note that thestroration is similar
to the one presented in the proof of Theorem 6 below, excepbihadding a new commodity one
can ensure that the graph remains series-parallel. Alse thet, again similar to the following
proof, it is necessary to simulate storage at certain nadesise that this is not allowed.

5.2 NP-hardness for the Special Case of Two Commodities

Next we present a gadget with which the bound< ¢ in Lemma 3 can be achieved by adding
only one new commodity. Thislocking gadgeitself might be interesting in other contexts as well.
Modifying it so that an arbitrary amount of flow can be chosendach arc, offers the possibility
to, e.g., reduce theength Bounded Static Floproblem to the multicommodity flow over time
problem. The former problem is known to be NP-hard alreadpfe commodity. The presentation
and proofs though are fitted for the special case introdubedeaand yield the following theorem.

Theorem 6. The multicommodity flow over time problem with or withoutage at intermediate
nodes is already NP-hard for the case of only two commodiliee same holds for the maximum
multicommodity flow over time problem.

In the following discussion we will concentrate on the nadthmodity flow over time problem with
storage and then describe how the problem without storagjghermaximum multicommaodity flow
over time problem can be handled.

Blocking Gadget.The mentioned, more complex gadget to enforce the baund c is depicted
in Figure 5. Note that only one commodity needs to be addedlfdats occurrences, i.e., all such
gadgets share the same source and sink verticandt,, respectively.

In the proof of the lemma below we will show that it is optimealdend c units of flow of the
first commodity along arcsy, e4, e. within the time interval0, ¢) (notice that we have increased
the demand of the first commodity lyfor each of the2n gadgets). This blocks akg; such that
it is not possible to send more thdnunits froms; to ¢y via e, e, e4. We show that it is optimal
to send exactlyl, units, thus as desired, is blocked by commodity 2 for all but units in time
interval [0, L + ¢). In contrast to the simple gadget in Figure 4, flow might neeté stored (at
nodew).

Let G be the original (Figure 3) and,,, be the modified network, in which all arcs are replaced
by an instance of the blocking gadget (as mentioned abol¢hesde instances share the same
source and sink vertices andts, respectively). LetF, denote the set of all new arcs of typg
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Fig. 5. This picture sketches the structure with which each arcptaoced. All arcs have capacity 1. The transit times
are0, except fore, whose transit time is taken from the corresponding arc irotiginal network, an@. whose transit
time is set toL. These arcs are highlighted. The demands added to the fair; )—which corresponds tgs, ¢) in
Figure 3—and sz, t2) are motivated in the proof of Lemma 4.

see Figure 5. Note that),| = 2n. Analogously toz., let z. ; denote the total amount of flow of
commodity: routed through are.

Lemma4. LetT = L + ¢ be the time horizon. Ar-t-flow over time inG which satisfies de-
mandd = 2c in time horizonT’, obeying the constraints, < ¢ for all arcs e of GG, exists if and
only if there is a2-commodity flow over time i, which satisfies demand§ = 2nc + 2¢
andds = 2n L intimeT.

Proof. We start with the more difficult direction: From a flow over gnn G,, which satisfies
demandsi; andds in time T', we derive ans-t-flow over time inG with time horizonT" which
satisfies demand and does not violate the arc constraints< c for any arce. Consider a single
gadget. First of all note that we may assume that; = 0. Flow of the first commodity along.
might as well be routed directly ary. Similarly, z, » = 2,2 = x.,,2 Mmay be assumed. Flow of
the second commodity coming froay not directly continuing along are. would unnecessarily
block other arcs inF,, to which it could be sent directly from,. To simplify notation we denote
by x5 := z,, » the total amount of flow of commodity through this gadget.

Since all capacities areand the time horizoff’ is equal toL + ¢, we know that the inequalities

Tegl+ T2 = Tey1+Teyo < L+c (10)
and

Tey1 + T2 = Tey1 + T2 < L+c (11)

hold. Furthermore, from(e.) = L we get thatz.,; < c. To achieve equality; units of flow of
the first commodity have to be sent in tirflg c) along arcsey, eq4, e.. We argue that this must be
the case if demands andd, are satisfied. Let us assume by contradiction ihat = c—c¢; < c.
Since no othee, type arc can carry more tharunits of flow of the first commodity and sinek =
2nc+ 2¢, atleast ¢ + ¢; units of the first commodity must be sent along the chord eyiype
arcs tot;. Note thatG,,, contains2 n copies of the gadget.

To be more precise, let us consider two gadgets corresppridisome pair of parallel ares
ande’ in the chordG. Let x., 1, 22 andx;, ;, x5, respectively, denote flow amounts as defined
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Fig. 6. Replace a node by a chord. The new arcs have infinite camaditsedepicted, the transit times of all upper arcs
are powers oR. All lower arcs have transit timé. The extra nodes for the lower arcs are added only to avoidi mul
graphs. The value df is chosen sufficiently large.

above. Clearly the mentionext: + ¢; units of flow have to pass through this pair completely and
thereforex,, 1 +x;b,1 > 2c+cp. With (11) we getrg +ah, <2L+2c— (¢, 1 —|—xéb71) <2L—¢c.
Since this holds for alh pairs of gadgets, demanrld = 2n L cannot be satisfied. This contradicts
our assumptions and thus, ; = c holds for all gadgets.

With (10) we now get that:s; must equall for all gadgets; otherwise demawmd cannot be
met. Note that thesg units of flow might (partially) need to be storedwatbecause, is saturated
in [0, ¢). This is the only node in the gadget where the possibilitytdeesflow is required.

Applying inequality (11) again, we derive that, ; < cfor all gadgets. Thus to construct a flow
over time inG that satisfies demantl= 2 ¢ within time horizonT’ and obeys the arc constraints, we
simply route the2 c units of the first commodity which are routed along arc#&jrcorrespondingly
inG.

The easier direction remains: Given a-flow over time inG of valued = 2c¢ and time
horizonT', adhering tar. < ¢ for all arcse, we directly transfer it to flow of the first commodity
in G,,, in the canonical way. Additionally2 n c units of the first commadity are routed aloagtype
arcs within time interval0, ¢). Thus, demand; = 2nc + 2 ¢ is met.

To meet demand, = 2n L, exactly L units of the second commodity are sent through each
gadget. This is possible sinag,; = z.,,1 = c and equality in (10) and (11) can be achieved by
possibly storing flow atv. In other words, botle; ande, only carryc units of the first commodity
such that, in additionl. units of the second commaodity can be sent. This altogethvesa flow
over time inG,, satisfying demands; andd, in time T. ad

Lemma 4 and Lemma 3 together yield that the multicommodity fbeer time problem with
storage at intermediate nodes is already NP-hard for treeafamly two commaodities, proving part
of Theorem 6. We now describe how storage at nodes can beasadubr the case where storage
is not allowed and give the idea of how to adapt the proof tontlagimum multicommodity flow
over time problem.

Simulating Intermediate Storagé#.all transit times and the time horizon are multiples of astant
(in our case), we can scale everything to integer values. Then, with Lar@irim [4] we know that
it suffices to consider the model with discrete (integrafjeisteps. Each node at which we wish to
have storage (allé-type” nodes; see proof of Lemma 4) is replaced by the gaddeigiure 6.

We choosek big enough, e.gk := [log(T')]. Itis clear that flow entering; at a certain time-
step can be postponed to continue frofmat (and perhaps split to several) arbitrary later timesstep

Maximum Multicommodity Flow Over Tim&o obtain the NP-hardness result for the maximum
multicommodity flow over time problem, Lemma 3 can be appéisds. It is possible to reformulate
Lemma 4 for the maximum flow case. One can prove that a maximawofivalue2 n L+2n c+2 ¢
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Fig. 7.Goal of thetraffic light gadget Given time horizorl", block arce during time interval$0, a) and[b, T'), wherea <
b. All arcs have capacity and transit timed, except(si, s2) which has transit timeé, and (¢1, t=) which has transit
timeT — a.

intimeT = L + ¢ can be modified such that exactly the demasidandd, are met. The proof is
omitted; it consists of simple exchange arguments.

6 Strong NP-Hardness Results

In this section we prove strong NP-hardness for the multiooxity flow over time problem with-
out storage of flow at intermediate nodes when only simple flaths are allowed; see Section 6.1.
The reason for the latter restriction is to forbid simulataf storage by adding loops to a path. Note
that in the caswvith storage this is no true restriction because every loop calele¢ed from a path,
storing the corresponding flow for the amount of time it wolndtke spent traveling along the loop.
Then, in Section 6.2 we prove that, under the above restnicthe quickest multicommaodity flow
problem does not have an FPTAS, unless P=NP.

6.1 Strong NP-Hardness for the Case with Simple Flow Paths ahno Intermediate Storage

The NP-hardness proof uses a reduction from the well knowParBFITION problem. In this prob-
lem, a setoBn itemsB = {1,...,3n} with associated sizds, ..., bs, € N, and anumbeL € N
are given, withL. /4 < b; < L/2, for eachi, andzg’g1 b; = nL. Itis a strongly NP-hard problem
to decide whetheB can be partitioned inta disjoint setsly,...,I,_1 such thatzieli b; = L,
for j = 0,...,n — 1. Note that due to the bounds on the item sizgsll setsI; must have cardi-
nality 3.

Before presenting the reduction, we introduce a useflg lgadget. In the following, all arcs
have capacityl and transit timé), if not marked otherwise.

The Traffic Light GadgetFigure 7 shows théraffic light gadgetwhich can be used to replace a
single arce. Any flow over time that satisfies demands andds in the given time horizor{’,
completely blocks ares, during the time interval§), a) and[b, T") with flow of commodity2 and1,
respectively. These intervals would so to speak be the “rexbgs”. As a result, only during the
“green phasela, b) flow of other commodities can pass through the arc. In thetoget®on, arce

is split into two arcs so flow of commodities and 2 has to travel directly vias to ¢; andt,,
respectively.
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Fig. 8. The grid-like structure constructed from an instance of A&RRTION. [; ; are traffic light gadgets with given
“green phase”, the transit times are 0 if not given diffelerthe gray arcs highlight a path corresponding to the solu-
tionlo = {1,2,371}, ...,Ij_l = {3,},

In the reduction given below, this gadget is utilized for exa arcs. Naturally, for each of
these realizations, two new commodities are added. Forlisitypof presentation, we label the
corresponding arcs with the interval of their “green phasal do not depict the whole gadget.

Reducing 3-Partition.We now continue with the actual reduction of 3F¥ITION.

Theorem 7. The multicommodity flow over time problem with simple flovhpand without stor-
age of flow at intermediate nodes is NP-hard in the strongese€Rse same holds for the maximum
multicommodity flow over time problem.

Proof. As before we concentrate on the multicommodity flow over tipneblem and then very
briefly note how the maximum multicommaodity flow over time plem can be handled. From
an instance of 3-ARTITION given by B, (by,...,bs,), and L, the grid-like structure sketched
in Figure 8 is constructed. Notice that some arcs are labgldda time interval and therefore
represent a traffic light gadget containing two additiormhmodities (see Figure 7). We will prove
thatd; = 1 unit of flow of commodityl can be routed frons; to ¢; on simple paths without
intermediate storage within timM€é := n L + n + 1 if and only if the underlying instance of 3-
PARTITION is a ‘yes’-instance.

To give some intuition, we start with the easier directiod dascribe how a flow over time that
satisfies the demandl in time T" can be derived from a solution to the 2#XITION instance. Say
we are given a partitioningy, . . . , I, of B. From this partioning we derive orsimplepath P on
which we send 1 unit of flow from; to ¢1, starting at time O at rate We choose patl® such that
it traverses the grid row by row. That is, from a nade, : < 3n, it either goes directly or via;
to nodewv; ;1. As to not exceed the time horizdh, flow along P should traverse all traffic light
gadgets during their “green phases”. Hence flow can only@u the right end of rowj — 1 to the
left end of row; if it reaches the traffic light gadgét, within the time intervalj L+, j L+j+1).
Thus, in each rovy the pathP must have a transit time of exactly+ 1. If this is the case, itis also
easy to check that flow actually passdistraffic light gadgets along® during their “green phases”.
This transit time ofL + 1 of a row j can be achieved by selecting three atgs e;,, e;,, whose
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transit times add up té and defining the path such that it uses these three and nocgttyge arcs

in row j; note that the arc after; 3,1 has transit time.. The selection of arcs;, , e;,, e;, for row j

is taken directly from the set; = {i1, 2,3} of the given partitioning. Since this partitioning is a
solution to the 3-RRTITION instance, each; is only touched once in the entire path and therefore
the path is simple, as required.

We now come to the harder direction and prove that a flow owee twhich satisfies de-
mandd; = 1 within time horizonT = n L + n + 1 and passes all traffic light gadgets during
their “green phases”, directly yields a feasible solutign. . ., I,,_; to the underlying instance of
3-PARTITION.

Assume we are given such a flow over time which satisfies deriamdthin time horizonT'.
Note that flow of commodityl can only pass through the traffic light gadgéts in the given
intervals. If an amount of passes through a gadget outside its “green phase”, the timimoh
increases to at lea%t+ J.

We choose any patl® in the setP; of all paths froms; to ¢1, with zp > 0 and start by
proving thatP traverses the grid row by row. Consider nagg, i < 3n, in row j: either the flow
goes directly to node; ;;1, Staying in rowj, or it continues to are;. To see via which traffic
light gadget the flow leaves the head node o the latter case, we need to know at what time it
enteredv; ; (which yields the time when it leaves). To this end, we consider the last traffic light
gadget; ;/, ' < i, beforev; ; on P and distinguish two cases:

i) ¢ = 0:Inthis case, flow alon@ can entew, ; only within time intervalj L+ j, j L+ j 4+ 1).
i) ¢ > 0:Inthis case, flow alon@ entersv; ; within [j L + j + by, (j +1) L+ j + 1).

In both cases, flow along arrives at; ; and thus ag; within the time intervalj L+ j, (j+1) L+
j+1).0n arce;, the flow is delayed by; and thus arrives at the headetbefore(j + 1) L+ (j +

1) + b;. This is the lower bound of the interval éf; ;. Since flow cannot be stored, it therefore
cannot leave via ank ; with j* > j. Similarly flow on P cannot leave via any; ; with j' < j.
Thus, if P containsv; ; ande;, it must continue ta; ; 1, staying in row;. Consequently, the only
point whereP can leave rowy is to the right ofv; 3,11, where it can only go to row + 1.

Now that we know thatP traverses the grid row by row, we prove that it touches exaRitl
arcse;,, €i,, €i,, With b;, + b;, + b;; = L in each fixed rowj € {0,...,n — 1}. The length of
the time-span a unit of flow can spend in this row is solely wheiteed by the traffic light gadgets
before and after the row, namdly, andl;; o. It is easy to check that the “red phases” of all other
traffic light gadgets in row do not restrict this time-span (notice that the last arc efrthw has
transit timel).

From the “green phasel) o and ;1 it follows that the length of the time-span is in the
interval (L, L + 2) (subtract the lower and upper boundigf; o andl; o, correspondingly). Since
all transit times are integer and flow cannot be stored ats)dde time-span must have lendth-1.

Of this, 1 unit of time is spent in the last arc of the row. All i = 1, ..., 3n, have integer transit
times, and all other arcs have transit time 0. Thus the trainsés of thee;-type arcs touched in
row j, denoted byF; := {e;,, €i,,... }, must sum up td..

SinceL/4 < b; < L/2 holds for alli € {1,...,n}, the cardinality of£); must be3. Thus, we
can setl; := {iy,i2,13}, if E; := {e;,,€i,, €55}, forj € {0,...,n — 1}. As a consequence @?
being a simple path the sefsare disjoint and therefore form a solution to the underlyimgiance
of 3-PARTITION. This concludes the proof of the first part of the theorem.
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Maximum Multicommodity FlowTo carry over the hardness result to the maximum flow case, one
mainly has to take a closer look at the traffic light gadged; Bigure 7. It is easy to prove with an
exchange argument that any maximum flow over time with tinrtezba 7" can be transformed into a
flow that locally, in each traffic light gadget, satisfies tleerdinds/; andds and consequently there
are again “green” and “red phases” where flow of the main coditp@an, respectively cannot
pass through the gadget. The remaining argumentation ialibee proof remains unchanged and
yields the following result. If there is a maximum flow oveng which send$ unit of flow of the
main commodity froms; to t; intimeT = n - L + n + 1, then a solution to the 3ARTITION
instance exists. This concludes the proof. a

6.2 No FPTAS for the Case with Simple Flow Paths and no Intermdiate Storage

Unfortunately, Theorem 7 does not immediately yield the-aristence of an FPTAS (under the
assumption BPNXP) for the quickest multicommodity flow problem, since thgeative function
values are not necessarily integral. To obtain such a resytow, we prove the existence of a
certain gap in the optimal values which the objective fuorcttan take.

Theorem 8. Unless P=NP, there is no FPTAS for the quickest multicomtydidiw problem with
simple flow paths and without storage of flow at intermediatges.

Proof. We consider the reduction presented above. Given a naaresiaf 3-RARTITION, we show
that the time horizon of a quickest flow is at led@st- §, whereT' = n L +n+ 1 ands € £2(1/n?).
From the proof of Theorem 7 we know that a yes-instance laadsine horizon of". This relative
gap of§/T € 2(1/(n® L)) and the fact that 3ARTITION is strongly NP-hard, give the desired
result. (An FPTAS for quickest flow could solve 34RrITION in pseudo-polynomial time.)

If we are given a no-instance of 3aRTITION, every pathP € P; in the corresponding
quickest flow instance violates at least one traffic lightggd Otherwise, we could satisfy the
demandd; = 1 intime T by sending it completely along that path, thereby obtairiraplution to
the 3-RARTITION instance. To see this, note that all paths have integerteragid all intervals of
the traffic light gadgets have integer bounds.

If every path violates at least one gadget and thereDdreé?) such gadgets, it follows that €
£2(1/n?); in the worst cased; is distributed evenly among the gadgets. This concludegribef
of the theorem. O

AcknowledgementdMe are much indebted to Lisa Fleischer, Ekkehard Kohleth&r#na Langkau,
and Jim Orlin for helpful discussions on the topic of this gap
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