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Abstract. Flow variation over time is an important feature in network flow problems arising in various
applications such as road or air traffic control, productionsystems, communication networks (e.g., the
Internet), and financial flows. The common characteristic are networks with capacities and transit times
on the arcs which specify the amount of time it takes for flow totravel through a particular arc. Moreover,
in contrast to static flow problems, flow values on arcs may change with time in these networks.
While the ‘maximums-t-flow over time’ problem can be solved efficiently and ‘min-cost flows over
time’ are known to be NP-hard, the complexity of (fractional) ‘multicommodity flows over time’ has
been open for many years. We prove that this problem is NP-hard, even for series-parallel networks, and
present new and efficient algorithms under certain assumptions on the transit times or on the network
topology. As a result, we can draw a complete picture of the complexity landscape for flow over time
problems.
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1 Introduction

A crucial characteristic of network flows occuring in real-world applications is flow variation over
time. This characteristic is not captured by classical ‘static’ network flow models known from the
literature. Moreover, apart from the effect that flow valueson arcs may change over time, there is
a second temporal dimension in many applications: Usually,flow does not travel instantaneously
through a network but requires a certain amount of time to travel through each arc. Thus, not only
the amount of flow to be transmitted but also the time needed for the transmission plays an essential
role. Various interesting examples can be found in the survey articles of Aronson [1] and Powell,
Jaillet, and Odoni [15].

The Model.Ford and Fulkerson [7, 8] introduce the notion offlows over time(also called ‘dynamic
flows’) which comprises both temporal features mentioned above. They consider networks (directed
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graphs)G = (V,E) with capacitiesue andtransit timesτe on the arcse ∈ E. The transit timeτe

of an arc specifies the amount of time it takes for flow to travelfrom the tail to the head of that arc.
In contrast to the classical case of static flows, a flow over time in such a network specifies aflow
rate entering an arc for each point in time4. In this setting, the capacityue of an arc limits the rate
of flow into the arc at each point in time. In order to get an intuitive understanding of flows over
time, one can associate arcs of the network with pipes in a pipeline system for transporting some
kind of fluid. The length of each pipeline determines the transit time of the corresponding arc while
the width determines its capacity. A precise definition of flows over time is given in Section 2.

Results from the Literature.Ford and Fulkerson [7, 8] observe that a flow-over-time problem in
a given network with transit times on the arcs can be transformed into an equivalent static flow
problem in the correspondingtime-expanded network. The time-expanded network contains one
copy of the node set of the underlying network for each discrete time stepθ (building atime layer).
Moreover, for each arce with transit timeτe in the given network, there is a copy between each pair
of time layers of distanceτe in the time-expanded network. Thus, a discrete flow over timein the
given network can be interpreted as a static flow in the corresponding time-expanded network. Since
this interrelation works in both directions, the concept oftime-expanded networks allows to solve a
variety of flow over time problems by applying algorithmic techniques developed for static network
flows; see, e.g., [6]. Notice, however, that one has to pay forthis simplification of the considered
flow problem in terms of an enormous increase in the size of thenetwork. In particular, the size of
the time-expanded network is only pseudo-polynomial in theinput size and thus does not directly
lead to efficient algorithms for computing flows over time.

Ford and Fulkerson [7, 8] give an efficient algorithm for the problem of sending the maximum
possible amount of flow from one sources to one sinkt within a given time horizonT . The problem
can be solved by essentially one ‘static’ min-cost flow computation on the given network. Ford and
Fulkerson show that an optimal solution to this min-cost flowproblem can be turned into a maximal
flow over time by first decomposing it into flows ons-t-paths. The corresponding flow over time
starts to send flow on each path at time zero, and repeats each so long as there is enough time left
in theT time units for the flow along the path to arrive at the sink. A flow over time featuring this
structure is calledtemporally repeated.

A problem closely related to the one considered by Ford and Fulkerson is thequickests-t-flow
problem. Here, instead of fixing the time horizonT and asking for a flow over time of maximal
value, the value of the flow (demand) is fixed andT is to be minimized. This problem can be
solved in polynomial time by incorporating the algorithm ofFord and Fulkerson into a binary search
framework. Using Megiddo’s method of parametric search [14], Burkard, Dlaska, and Klinz [2]
present a faster algorithm which solves the quickests-t-flow problem in strongly polynomial time.

Hoppe and Tardos [12, 11] study thequickest transshipment problemwhich asks for a flow
over time satisfying given supplies and demands at the nodesof a network within minimum time.
Surprisingly, this problem turns out to be much harder than the special case with a single source
and sink. Hoppe and Tardos give a polynomial time algorithm for the problem, but this algorithm
relies on submodular function minimization and is thus muchless efficient than for example the
algorithm of Ford and Fulkerson for maximums-t-flows over time.

4 In fact, the discrete flow model considered by Ford and Fulkerson is slightly different from the model we consider in
this paper. However, Fleischer and Tardos [6] point out thatthe two models are essentially equivalent; see also [4].
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Even more surprising, Klinz and Woeginger [13] show that theproblem of computing a min-
imum costs-t-flow over time with prespecified value and time horizon is NP-hard. On the other
hand, this problem can be solved in pseudo-polynomial time by a static min-cost flow computation
in the time-expanded network. Klinz and Woeginger also point out that the class of temporally re-
peated flows does in general not contain a min-costs-t-flow over time. In fact, it is even strongly
NP-hard to compute a temporally repeated solution of minimum cost [13].

Fleischer and Skutella [4, 5] introduce a ‘condensed’ variant of time-expanded networks which
is based on a rougher discretization of time and therefore leads to networks whose size is polynomi-
ally bounded in the input size. This approach yields fully polynomial time approximation schemes
(FPTASes) for various variants of the weakly NP-hard quickest flow problem with costs. The best
known result for the strongly NP-hard problem of computing aquickest temporally repeated flow of
minimum cost is a(2 + ε)-approximation algorithm [4], which is based on a length-bounded static
flow computation.

Contribution of this Paper.The results in [4, 5] also hold for the more general setting with mul-
tiple commodities. Multicommodity flows model the transportation of several distinct types of
flow through a single network. The resulting problems are typically much harder than their single-
commodity counterparts. For example, the only known polynomial-time algorithms for static mul-
ticommodity flow computations require general linear programming techniques (e.g., the ellipsoid
method or interior point methods). The complexity of the multicommodity flow over time problem
(without costs) has so far been open. Hoppe [11] poses the problem of developing a polynomial
time algorithm to solve fractional multicommodity flows over time. In Section 5, we prove that
such an algorithm does not exist, unless P=NP. In fact, the multicommodity flow over time problem
is NP-hard, even when restricted to series-parallel networks or to the case of only two commodities.

Flows over time raise issues that do not arise in standard network flows. One issue is storage
of flow at intermediate nodes. In most applications (such as,e.g., traffic routing, evacuation plan-
ning, telecommunications), storage is limited, undesired, or even prohibited at intermediate nodes.
For single commodity problems, storage is unnecessary, even in the NP-hard setting with costs [5].
However, for the quickest multicommodity flow problem, there exist instances where the time hori-
zon of an optimal solution increases by a factor of4/3 when storage of flow at intermediate nodes
is prohibited [4]. In Section 6 we prove that the multicommodity flow over time problem with sim-
ple flow paths and without storage of flow at intermediate nodes is strongly NP-hard. Without the
latter restriction the problem can be solved in pseudo-polynomial time as a static multicommodity
flow problem in the time-expanded network. The best known result for the strongly NP-hard variant
with simple flow paths and no intermediate storage is a2-approximation algorithm for the quickest
multicommodity flow problem [4]. An overview of the complexity landscape of flows over time is
given in Table 1.

Motivated by the results on the hardness of multicommodity flows over time in Sections 5 and 6,
we study special conditions on the transit times of arcs and on the network topology under which
multicommodity flows over time can be computed in polynomialtime. In Section 3 we consider
arbitrary network topologies with transit times on the arcssatisfying the following condition: All
paths (in the corresponding bidirected network) between every fixed pair of nodes have the same
transit time. This condition is, for example, obviously satisfied for the important but non-trivial
case of tree networks. We show that, under this assumption, many flow over time problems can be
solved as static flow problems in a polynomial-size variant of time-expanded networks withO(n)
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Table 1.The complexity landscape of flows over time in comparison to the corresponding static flow problems. The third
column ‘transshipment’ refers to single-commodity flows with several source and sink nodes. The NP-hardness results
marked with a ‘∗’ are proved in this paper. The weak NP-hardness results evenhold for series-parallel networks. On the
other hand, we prove that these problems can efficiently be solved in tree networks and arbitrary networks with ‘uniform
path-lengths’. The ‘pseudo-poly’ entries follow since therespective problems can be solved as static flow problems in
the time-expanded network. The quoted approximation results hold for the corresponding quickest flow problems.

s-t-flow transshipment min-cost flow multicommodity flow

(static) flow poly poly (' s-t-flow) poly poly (' LP)

flow over time

poly [7] poly [12]
pseudo-poly

pseudo-poly

with storage

(' min-cost flow) (' subm. func.)
NP-hard [13]

NP-hard∗

FPTAS [5]

flow over time FPTAS [5] strongly NP-hard∗

without storage 2-approx. [4]

time layers (n := |V |). We believe that this result is also of interest for flow overtime problems,
like the quickest transshipment problem, which are known tobe solvable in polynomial time for
arbitrary transit times. While the algorithm of Hoppe and Tardos [12, 11] relies on submodular
function minimization, we can solve the special case of the problem as a statics-t-flow problem in
a network withO(n2) nodes andO(nm) arcs (m := |E|). The presented approach works for both
settings, with and without storage of flow at intermediate nodes.

Finally, in Section 4 we consider networks with arbitrary transit times where every node has
at most one outgoing arc. In particular, there is a unique source-sink path for every commodity
in such networks. Under the assumption that storage of flow atintermediate nodes is allowed, we
present a simple greedy algorithm for the quickest multicommodity flow problem: Whenever there
is a conflict between several commodities using the same arc,the algorithm gives top priority to the
commodity which is furthermost from its sink node. We prove that this simple strategy yields an
optimal solution in polynomial time. The proof uses a generalized notion of ‘earliest arrival flows’.

2 Preliminaries

We are considering network flow problems in a network (directed graph)G = (V,E) with n := |V |
nodes andm := |E| arcs. For an arce = (v,w) we writehead(e) := w andtail(e) := v. For a
nodev ∈ V , the termsδ+(v) andδ−(v) denote the set of arcs leaving nodev (tail(e) = v) and
entering nodev (head(e) = v), respectively. Each arce ∈ E has associated with it a positive
capacityue and a nonnegative transit timeτe ∈ R

+. Moreover, in the setting with costs, each arce
has associated a non-negative cost coefficientce which determines the per unit cost for sending flow
through the arc.

There is a set of commoditiesK = {1, . . . , k}, where every commodityi ∈ K is defined by
a set of terminalsSi ⊆ V which can be partitioned into a subset of sourcesS+

i and sinksS−
i .

Every source nodev ∈ S+
i has a supplyDv,i ≥ 0 and every sinkv ∈ S−

i has a demandDv,i ≤ 0
such that

∑

v∈Si
Dv,i = 0. In the special case of only one sourcesi ∈ V and one sinkti ∈ V we

let di := Dsi,i = −Dti,i and refer todi as thedemandof commodityi.
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Static Flows.A static (multicommodity) flowx in G assigns every arc-commodity paire, i a non-
negative flow valuexe,i such thatflow conservationholds:

∑

e∈δ−(v)

xe,i −
∑

e∈δ+(v)

xe,i = 0 for all v ∈ V \ Si andi ∈ K. (1)

The static flowx satisfies the supplies and demands if

∑

e∈δ+(v)

xe,i −
∑

e∈δ−(v)

xe,i = Dv,i for all v ∈ Si andi ∈ K.

Finally,x is calledfeasibleif it obeys the capacity constraintsxe :=
∑

i∈K xe,i ≤ ue, for all e ∈ E.
The cost of a static flowx is defined asc(x) :=

∑

e∈E ce xe.

Flows Over Time.A (multicommodity) flow over timef in G with time horizonT is given by
Lebesgue-measurable functionsfe,i : [0, T ) → R

+ wherefe,i(θ) is the rate of flow (per time unit)
of commodityi entering arce at timeθ. In order to simplify notation, we sometimes usefe,i(θ)
for θ 6∈ [0, T ), implicitly assuming thatfe,i(θ) = 0 in this case.

The flowfe,i(θ) of commodityi entering arce at timeθ arrives athead(e) at timeθ + τe. All
arcs must be empty from timeT on, i.e.,fe,i(θ) = 0 for θ ≥ T − τe. To generalize the notion of
flow conservationto flows over time, we integrate the flow conservation constraints (1) over time.
Depending on the model,storage of flow at intermediate nodesmight be allowed. That is, flow
entering a node can be held back for some time before it is sentonward. To rule out deficit at any
node, we require that, for alli ∈ K, θ ∈ [0, T ),

∫ θ

0

(

∑

e∈δ+(v)

fe,i(ξ) −
∑

e∈δ−(v)

fe,i(ξ − τe)

)

dξ ≤

{

0 for v ∈ V \ S+
i ,

Dv,i for v ∈ S+
i .

(2)

Moreover, we require that equality holds in (2) fori ∈ K, θ = T , andv ∈ V \ Si, meaning that no
flow should remain in the network after timeT . In the model without storage of flow at intermediate
nodes, we additionally require that equality holds in (2) for all i ∈ K, θ ∈ [0, T ), andv ∈ V \ Si.

The flow over timef satisfies the supplies and demands if by timeT the net flow out of each
terminalv ∈ Si of commodityi equals its supplyDv,i:

∫ T

0

(

∑

e∈δ+(v)

fe,i(ξ) −
∑

e∈δ−(v)

fe,i(ξ − τe)

)

dξ = Dv,i for all i ∈ K, v ∈ Si. (3)

In the setting of flows over time, the capacityue is an upper bound on therate of flow entering
arce at any moment of time. Thus, a flow over timef is feasible iffe(θ) ≤ ue for all θ ∈ [0, T )
ande ∈ E. Here,fe(θ) :=

∑

i∈K fe,i(θ) is the total rate at which flow is entering arce at timeθ.

The cost of a flow over timef is defined asc(f) :=
∑

e∈E ce

∫ T

0 fe(θ) dθ.

Problem Definition.Given a networkG with capacities and transit times on the arcs, a set of com-
modities with supplies and demands at their terminals, and atime horizonT , themulticommodity
flow over time problemasks for a feasible flow over time with time horizonT , satisfying all supplies
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Fig. 1. Example of a network with uniform path-lengths. The numbersat the arcs indicate transit times.

and demands. In the setting with costs, themin-cost (multicommodity) flow over time problemasks
for such a flow over time with minimum cost. Another interesting objective for flows over time is
to minimize the time horizon: Thequickest (multicommodity) flow problem (with costs)is to find a
flow over time inG that satisfies all supplies and demands within minimal timeT (and whose cost
is bounded by a givenbudgetC). Finally, in themaximum (multicommodity) flow over time prob-
lem (with costs)we are given a time horizonT and instead of having supplies and demands at the
terminals, the goal is to maximize the total amount of flow being sent from sources to sinks (under
the condition that the costs are bounded by a givenbudgetC). Of course, flow of each commodity
can only be sent from its sources to its sinks.

3 Networks with Uniform Path-Lengths

In this section we present a polynomial-time algorithm for the min-cost multicommodity flow over
time problem in a special class of networks which, in particular, comprises trees. Even on trees
the multicommodity flow over time problem is far from being trivial. For example, it follows by a
straightforward reduction from thewavelength routing problem[3] that finding anintegral multi-
commodity flow over time is NP-hard in binary trees.

For a given networkG = (V,E) with transit times on the arcs, we let
←→
G = (V,

←→
E ) denote the

corresponding bidirected network with
←→
E := E ∪

←−
E and

←−
E := {(v, u) | (u, v) ∈ E}. Moreover,

the ‘transit time’ of a backward arc(v, u) ∈
←−
E is set toτ(v,u) := −τ(u,v). In the following we

assume thatG is connected and that the transit time of every directed cycle in
←→
G is zero. The latter

requirement is equivalent to the condition that, for allu, v ∈ V , the transit time of any twou-v-
paths in

←→
G is equal. Therefore we refer to this class of networks with transit times asnetworks with

uniform path-lengths. An example is given in Figure 1.
Let v0 ∈ V be an arbitrary but fixed node. Forv ∈ V let τv denote the transit time of av-v0-path

in
←→
G . In the network depicted in Figure 1, these values areτu = 3, τv0

= 0, andτw = −2. For a
given time horizonT , let

T := {τv, T + τv | v ∈ V } .

For the network in Figure 1 andT = 7 we getT = {3, 10, 0, 7,−2, 5}. Notice thatτv is the earliest
point in time at which flow emerging from nodev could possibly arrive atv0. Similarly, T + τv is
the latest point in time at which flow can be sent fromv0 to v such that it still arrives in time, i.e.,
before timeT . Hence,T contains all ‘essential’ points in time at which decisions have to be made
at nodev0. More precisely, we show below (Lemma 1) that it is sufficientto change the outflow rate
out of arcs arriving atv0 and the inflow rate into arcs leavingv0 at these points in time only. The
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same property holds for all other nodesv ∈ V and incident arcs whenT is replaced by

T − τv := {θ − τv | θ ∈ T } .

Since|T | ≤ 2|V |, this insight constitutes the backbone of the results presented in this section.
We introduce some additional notation: Sort the elements inT such thatθ1 < θ2 < · · · <

θq. Moreover, letθ0 := −∞ and θq+1 := ∞, and define a corresponding partition of the time
axis[−∞,∞) by time intervalsIj := [θj, θj+1), j = 0, . . . , q. In Figure 1 withT = 7 we getq = 6
and the time intervalsI0 = [−∞,−2), I1 = [−2, 0), I2 = [0, 3), I3 = [3, 5), I4 = [5, 7),
I5 = [7, 10), andI6 = [10,∞).

Lemma 1. If there exists a flow over timef with time horizonT satisfying all supplies and de-
mands, then there exists a corresponding solutionf̄ with c(f̄) = c(f) and the following additional
property: For every arce = (u, v) ∈ E and every time intervalIj − τu := [θj − τu, θj+1− τu), the
flow ratef̄e,i(θ) is constant forθ ∈ Ij − τu, for every commodityi ∈ K.

It follows from the property off̄ stated in Lemma 1 that also the inflow ratef̄e,i(θ − τe) into
nodev on arce = (u, v) at timeθ is constant forθ ∈ Ij − τv. By definition τu = τv + τe such
thatθ ∈ Ij − τv if and only if θ − τe ∈ Ij − τu.

Proof. Fore = (u, v) ∈ E andi ∈ K, define

f̄e,i(θ) :=
1

|Ij |

∫

Ij−τu

fe,i(ξ) dξ for θ ∈ Ij − τu, j = 0, . . . , q.

Here,|Ij | := θj+1 − θj denotes the length of the time intervalsIj andIj − τu. Hence,f̄ arises
from f by averaging flow on arcse = (u, v) within time intervalsIj − τu, j = 0, . . . , q.

By definition of T , each time intervalIj − τu is either contained in[0, T − τe) or disjoint
from [0, T − τe), for all e = (u, v) ∈ E. This is clear sinceT − τu contains both0 andT − τe.
(For instance, forT = 7 and nodeu in Figure 1, the intervalsIj − τu, j = 0, . . . , q, are[−∞,−5),
[−5,−3), [−3, 0), [0, 2), [2, 4), [4, 7), and [7,∞).) In particular, for alle ∈ E and i ∈ K, we
get f̄e,i(θ) = 0 for θ 6∈ [0, T − τe) since this property certainly holds for the given solutionf .

Moreover, it follows from the definition of̄f that no flow is rerouted compared tof . Thus,f̄
satisfies all supplies and demands (see (3)) and its cost is equal to the cost off . It is easy to see
thatf̄ satisfies the capacity constraints sincef does. It therefore remains to show thatf̄ satisfies the
flow conservation constraints (2).

Consider a commodityi ∈ K and a nodev ∈ V . Notice that, by definition off̄ , flow of
commodityi leaving nodev on some outgoing arc is averaged within each time intervalIj − τv.
Moreover, the same observation applies to flow entering nodev on some incoming arce = (u, v)
since by definitionτu = τv + τe and thusIj − τv − τe = Ij − τu. Hence, the overall flow balance
in nodev is averaged during time intervalsIj − τv. As a consequence,̄f fulfills flow conservation
sincef does. In the remainder of the proof, we give a more precise butless intuitive argument for
the latter conclusion.

Consider again a commodityi ∈ K and a nodev ∈ V \ S+
i (the following argument easily

extends to nodesv ∈ S+
i ). By definition of f̄ , the left hand side of (2) is equal forf andf̄ if θ :=

θj−τv for somej. To see this, note thatθj−τv−τe = θj−τu =: θ′, for all arcse = (u, v) ∈ δ−(v)
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and thusθ′ is on an interval boundary foru as well. Letδv,i,j denote the (non-positive) left hand
side of (2) forf̄ andθ := θj − τv. Then, forθj − τv < θ < θj+1− τv, the left hand side of (2) for̄f
is a convex combination ofδv,i,j andδv,i,j+1 and therefore non-positive as well. This concludes the
proof. ut

It follows from the last part of the proof of Lemma 1 that storage of flow at intermediate nodes
does not occur in̄f if it does not occur inf .

Corollary 1. Lemma 1 also holds if storage of flow at intermediate nodes is prohibited.

The min-cost multicommodity flow over time problem can now beformulated as a linear pro-
gram of polynomial size. Fore ∈ E, i ∈ K, andj = 1, . . . , q − 1, the variablexe,i,j denotes the
amount of flow of commodityi that is sent into arce = (u, v) during the time intervalIj − τu at
constant ratexe,i,j/|Ij |.

min
∑

e∈E

ce

q−1
∑

j=1

xe,i,j

s.t.
q−1
∑

j=1

(

∑

e∈δ+(v)

xe,i,j −
∑

e∈δ−(v)

xe,i,j

)

= Dv,i for all i ∈ K, v ∈ Si, (4)

p
∑

j=1

(

∑

e∈δ+(v)

xe,i,j −
∑

e∈δ−(v)

xe,i,j

)

≤ 0 for all i ∈ K, v ∈ V \S+
i ,

andp = 1, . . . , q − 1,
(5)

p
∑

j=1

(

∑

e∈δ+(v)

xe,i,j −
∑

e∈δ−(v)

xe,i,j

)

≤ Dv,i
for all i ∈ K, v ∈ S+

i ,
andp = 1, . . . , q − 1,

(6)

∑

i∈K

xe,i,j ≤ |Ij |ue for all e ∈ E, j = 1, . . . , q − 1, (7)

xe,i,j = 0
for all e = (u, v) ∈ E, i ∈ K,

andIj − τu 6⊆ [0, T − τe),
(8)

xe,i,j ≥ 0
for all e ∈ E, i ∈ K,

andj = 1, . . . , q − 1.

Constraints (4) correspond to (3) and enforce the satisfaction of all supplies and demands. Con-
straints (5) and (6) are a reformulation of the flow conservation constraints (2). In particular, re-
placing “≤” by “ =” in (5) yields a formulation for the model where storage of flow at intermediate
nodes is prohibited. Constraints (7) correspond to the capacity constraints. Finally, constraints (8)
ensure that flow can only occur within the time interval[0, T ).

Since linear programs can be solved efficiently (e.g., by interior point methods), we get the
following main result of this section.

Theorem 1. The min-cost multicommodity flow over time problem (with or without storage of flow
at intermediate nodes) in networks with uniform path-lengths can be solved in polynomial time.

While this result relies on general linear programming techniques, we can give more efficient
algorithms for the special case of a single commodity. Thesealgorithms are based on the insight



Multicommodity Flows Over Time: Efficient Algorithms and Complexity 9

[−5,−3)

[−3, 0)

[7, 10)

[−2, 0)
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[0, 2)

j = 5 = q − 1
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j = 4

j = 3

j = 2
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[4, 7)

[2, 4)

[0, 2)

[5, 7)

[3, 5)

[0, 3)

[9, 12)

[7, 9)

Fig. 2. The networkG′ for the underlying networkG given in Figure 1 andT = 7. We assume that every node inG is
both a source and a sink for some commodities. The six thick nodes are the corresponding super-sources and super-sinks.
The dashed arcs are holdover arcs which are only present if storage of flow at intermediate nodes is allowed. The nodes
are labeled with the corresponding intervalsIj − τu, Ij − τv0

, andIj − τw, respectively. Nodes are drawn in light gray
if their interval is not a subset of[0, T )

that the linear program stated above can be interpreted as a classical network flow problem in a
networkG′ = (V ′, E′). An illustrative example of the following construction ofG′ is given in
Figure 2.

For every nodev ∈ V and everyj = 1, . . . , q − 1 with Ij − τv ⊆ [0, T ), there is a copyvj of v
in V ′. Moreover, if storage of flow at intermediate nodes is allowed, there is an infinite capacity
‘holdover arc’ between successive copies ofv, i.e.,(vj , vj+1) ∈ E′. For every arce = (u, v) ∈ E
and everyj = 1, . . . , q − 1 with Ij − τu ⊆ [0, T − τe), there is a copyej = (uj , vj) of e in E′;
the capacity ofej is |Ij |ue, its cost isce. Finally, for every commodityi ∈ K and every source
nodev ∈ S+

i (sink nodev ∈ S−
i ), we add a super-source (super-sink)vi to V ′ and corresponding

infinite capacity arcs(vi, vj) (respectively(vj , v
i)) to E′, which connectvi to all copiesvj ∈

V ′ of v. The supply (demand) of super-source (super-sink)vi is set toDv,i. All other nodes are
intermediate nodes.

Observation 1. A feasible static flow inG′ corresponds to a feasible solution to the linear program
of equal cost and vice versa. Here, the linear programming variable xe,i,j represents the flow value
of commodityi on arcej in G′. The flow on the arcs incident to super-sources and super-sinks are
defined accordingly.

This observation leads to the following strengthened version of Theorem 1.

Theorem 2. A min-cost (multicommodity) flow over time problem in a network G = (V,E) with
uniform path-lengths can be solved by a static min-cost (multicommodity) flow computation in a
networkG′ with O(n2) nodes andO(nm) arcs.
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We finally turn to the quickest multicommodity flow problem (with bounded cost) in networks
with uniform path-lengths. As a result of Theorem 2, this problem can be solved within a binary
search framework by a series of static flow computations. In the following we discuss an algorithm
with considerably improved running time. In particular, for the case of a single commodity, this
algorithm can be implemented to run in strongly polynomial time.

First notice that the construction of the networkG′ only depends on the sorting of the elements
in T = {τv, T + τv | v ∈ V } but not on the exact choice ofT (only the arc capacities inG′ depend
on the exact choice ofT ). Since there are at mostO(n2) choices ofT leading to different sortings
of the elements ofT (the sorting only changes whenτv = τu +T for some pairu, v ∈ V ), the right
sorting can be found by binary search inO(log n) steps. What remains is a parametric network flow
problem inG′ where the capacities of arcs linearly depend on the exact choice ofT .

Theorem 3. The quickest (multicommodity) flow problem in a networkG = (V,E) with uniform
path-lengths can be solved byO(log n) static (multicommodity) flow computations and one para-
metric static flow computation in networks withO(n2) nodes andO(nm) arcs.

4 Networks with Out-Degree at most One

In this section we discuss a combinatorial greedy algorithmfor the quickest multicommodity flow
problem in networks whose nodes have either out- or in-degree at most one. This class contains
paths, cycles, in- and out-trees and also combinations suchas a cycle with one or more of its nodes
being roots of in- respectively out-trees. In the followingwe assume that every commodityi ∈ K
has exactly one source nodesi and one sink nodeti. An important feature of the networks under
consideration is that there exists a uniquesi-ti-pathPi for every commodityi. In particular, it is
useless to consider costs in this setting since every feasible solution has the same cost.

The basic notion of our greedy algorithm is to schedule the flow according to priorities that
are assigned to the individual commodities in such a way thatthe higher a commodity’s priority,
the longer (with respect to the number of arcs) its remainingflow path lying ahead. Intuitively, in
a traffic network this approach corresponds to giving the right of way to those road users that are
furthermost from their destinations. Since this approach introduces waiting times at intermediate
nodes, we do not restrict storage of flow at intermediate nodes in this section.

Restricting to the Case of Out-Degree at most One.We may henceforth assume without loss of
generality that the networkG fulfills |δ+(v)| ≤ 1 for all v ∈ V . We can do so, for the setting
whereG has in-degree at most one, i.e.,|δ−(v)| ≤ 1 for all v ∈ V , is symmetric hereunto in the
following way. Consider an arbitrary instance of the problem whereG has in-degree at most one.
Evidently, the network

←−
G = (V,

←−
E ), with e = (v,w) ∈

←−
E if and only if (w, v) ∈ E, has out-

degree at most one. We set the transit time of arc(v,w) ∈
←−
E to τ(v,w) := τ(w,v). Now, consider

an arbitrary feasibleT -horizon flowf for the canonically reversed problem instance in
←−
G . Then, if

we let the flowf run backwards in time, starting atT and ending at0, we get the ‘blueprint’ of a
feasibleT -horizon flow for the original problem inG. In particular, this argument can be applied to
any optimal solution of the reversed instance and yields an optimal solution to the original instance.
We may therefore assume from now on that there is at most one arc emanating from any node.
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Earliest Arrival Flows. If we consider the situation with only a single commodity, a flow over
time with time horizonT is called anearliest arrival flow if the amount of flow arriving at the
sink is maximized until any given momentθ ∈ [0, T ) in time [9]. For the setting with multiple
commodities, we use an intuitive extension of the notion of earliest arrival flows.

Let fv,i(θ) be the inflow-rate of commodityi into nodev at timeθ. If v = si or if v is not on
the uniquesi-ti-pathPi, thenfv,i(θ) = 0 for all θ ∈ [0, T ). Otherwise,

fv,i(θ) := fe,i(θ − τe) for all θ ∈ [0, T ),

with e = (u, v) andu being the predecessor ofv on pathPi. A feasibleT -horizon multicommodity
flow f is called anearliest arrival multicommodity flowif the total amount of flow arriving at any
nodev ∈ V until any timeθ ∈ [0, T ), i.e., the expression

∑

i∈K

θ
∫

0

fv,i(ξ) dξ ,

is maximal among all feasible solutions. Notice that earliest arrival multicommodity flows do not
exist for general instances. In the current setting, however, they do. This will become clear in the
proof of correctness of our algorithm. The following Lemma 2states that earliest arrival flows are
optimal.

Lemma 2. Suppose we are given an instance of the quickest multicommodity flow problem in a
network whose nodes have out-degree at most one. Letf be an earliest arrival multicommodity
flow having time horizonT . Then,f is is a quickest flow.

Proof. Assume thatf is not a quickest flow. Letf∗ denote an optimal flow with time horizonT ∗ <
T . In the current setting, we have unique source-sink pathsPi for all commoditiesi ∈ K. The total
amount of flow to be sent over any arc in the network is thus uniquely determined. Asf is not
optimal, there exists a nodev ∈ V such that

∑

i∈K

T ∗

∫

0

fv,i(ξ) dξ =
∑

i∈K̃

T ∗

∫

0

fv,i(ξ) dξ <
∑

i∈K̃

di =
∑

i∈K̃

T ∗

∫

0

f∗
v,i(ξ) dξ =

∑

i∈K

T ∗

∫

0

f∗
v,i(ξ) dξ,

whereK̃ := {i ∈ K | v ∈ Pi \ {si}}. This contradicts the earliest arrival property off . ut

Evidently, the earliest arrival property is sufficient but not necessary for a quickest flowf .

The Greedy Property.Due to the uniqueness of the source-sink paths, we can tell all possible ‘con-
flicts’ between commoditiesa priori, i.e., before sending any flow through the network. We may
specify a right-of-way rule for the commodities that solelydepends on the paths the commodities
are using. In order to do so, we assign a node-dependent priority p : V ×K → N to each nodev ∈ V
and to all commoditiesi ∈ K. The assignment is given by

pi(v) := |{v, . . . , ti}| − 1 for all i ∈ K andv ∈ Pi,
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wherev, . . . , ti denotes the sequence of nodes alongPi that follow nodev. For all nodesv 6∈ Pi, we
setpi(v) := 0. The assignment implies that, wheneverpj(v) > pi(v) for i, j ∈ K andv ∈ V , the
flow of commodityj has to travel to a sinktj that is ‘further away’ than the sinkti of commodityi.

For simplicity of presentation, we from now on assume that notwo commodities share the same
sink. This can be done without loss of generality, for every instance where some commoditiesi, j ∈
K have a common sinkt ∈ V may be transformed into an equivalent instance with distinct sink
nodes for the two commodities: simply ‘split’ the nodet into two sink nodesti andtj, connected
by an infinite capacity arc with transit time0. As a consequence, at each nodev ∈ V , the priority
valuespi(v) > 0, i ∈ K, are pairwise different.

The Greedy Algorithm.We denote byT an upper bound on the optimal time horizon. This bound
is not necessary when implementing the following greedy algorithm, it is only introduced for sim-
plicity of presentation.

For the greedy algorithm we adopt the notion ofpreflowsfrom classical network flow theory.
We define the excess of commodityi ∈ K in nodev ∈ V \ {si, ti} to be

exv,i(θ) :=

∫ θ

0

(

fv,i(ξ)− fe,i(ξ)
)

dξ for θ ∈ [0, T ],

wheree is the unique arc withtail(e) = v. For the source ofi we define the excess to be

exsi,i(θ) := di −

∫ θ

0
fe,i(ξ) dξ for θ ∈ [0, T ],

wheree is the unique arc withtail(e) = si.
A preflow over timeobeys the capacity constraints and the flow conservation property (2), but

the demands are not necessarily satisfied, i.e., (3) does in general not hold, and nodes other than the
sinks might have positive excess at timeT . In other words,exv,i(T ) > 0 might hold for somei ∈
K andv ∈ V \ {ti}. Moreover, we require thatexsi,i(T ) ≥ 0 for all i ∈ K, i.e., the flow of
commodityi leaving the sourcesi must be bounded bydi.

The greedy algorithm starts with the trivial preflowf , wherefe,i(θ) = 0 for all e ∈ E, i ∈ K,
andθ ∈ [0, T ). It modifies this preflow by iteratively pushing flow of one commodity through one
arc such that it arrives at the head of this arc as early as possible (i.e., in an earliest arrival fashion).
For a given preflow over timef , let re(θ) := ue − fe(θ) denote the residual capacity of arce ∈ E
at timeθ ∈ [0, T ).

In every iteration, the greedy algorithm chooses a new node-commodity pair(v, i) ∈ V × K
with highest prioritypi(v) > 0 such that flow of commodityi has already been pushed intov
in an earlier iteration but(v, i) has not been considered yet. Lete be the unique arc leavingv
(i.e.,e is the next arc on the pathPi afterv). Then, for increasingθ ∈ [0, T ), the flow ratefe,i(θ) is
computed as follows: If currentlyexv,i(θ) > 0 (i.e., there is excess in nodev), thenfe,i(θ) := re(θ);
otherwise,fe,i(θ) := min{fv,i(θ), re(θ)}. Notice, that the excess functionexv,i and the residual
capacity functionre must permanently be updated. We argue below that the resulting functionfe,i

is a step function with at most4k breakpoints, for everye ∈ E andi ∈ K.

Theorem 4. The greedy algorithm yields a quickest multicommodity flow and runs in timeO(nk2).
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Proof. We prove that the greedy algorithm yields an earliest arrival (and therefore an optimal) flow
by induction on the number of iterations.
Induction hypothesis:

At the end of an iteration, the preflowf has the ‘earliest arrival property’, restricted to all
pairs(v, i), for which commodityi has already arrived at nodev ∈ Pi.

Let Kf
v ⊆ K be the subset of commodities which have already arrived at node v in f . Then, the

restricted earliest arrival property reads:

for all v ∈ V andθ ∈ [0, T ),
∑

i∈K
f
v

∫ θ

0
fv,i(ξ) dξ is maximal among all preflowsf ′. (9)

This property obviously holds in the beginning, before the first iteration. If Property (9) holds after
every iteration,f is an earliest arrival flow in the end.
Induction Step:By construction of the greedy algorithm, in every iterationflow of some commodity
is pushed ‘as early as possible’ through an arc to the next node. Therefore the restricted earliest
arrival property still holds after this iteration. This concludes the proof of optimality.

Running Time:The greedy algorithm hasO(n k) iterations. We show that each iteration takes
time O(k). Given a preflowf , we callfe(θ), θ ∈ [0, T ), theflow profileof arc e ∈ E. We show
below thatfe is a step function after each iteration of the greedy algorithm. LetB(fe) denote the
number ofbreakpointsof fe. Now, given an arbitrary arce = (v,w) ∈ E, we sort the commodi-
ties in descending manner according to the priorities in node v, i.e., we haveK = {i1, . . . , ik}
with pij (v) ≥ pij+1

(v), for j = 1, . . . , k − 1.

Claim. For anyj ∈ {1, . . . , k}, in order to ship the entire flow of commoditiesi1, . . . , ij over arce,
the algorithm computes a flow profilefe which is astep-functionwith no more than2j breakpoints,
i.e.,B(fe) ≤ 2j.

Given this claim and considering the commodities in reverseorder, we can easily count the
number of breakpoints offe,ij : The flow profilefe resulting after sending commoditiesi1, . . . , ij
overe has no more than2j breakpoints. On the other hand, we also know that the flow profile of
commoditiesi1, . . . , ij−1 has at most2j−2 breakpoints. It thus follows that the flow rate ofij one
changes at most4j − 2 times and can thus be computed inO(k) time.

It remains to prove the claim. The underlying (trivial) notion of the proof is that the sum of two
step functionsf, f ′ again yields a step functionf ′′, and, in the worst case, the numbersB(f), B(f ′)
of breakpoints off, f ′ add up to the numberB(f ′′) of breakpoints off ′′. Assume by contradiction
that there is an arce and a numberj for which the claim is false. We choosej minimally and take
the first arce on pathPij for which the claim does not hold.

We first argue thatj > 1: For the first commodityi1 ∈ K to be sent over arce ∈ E, it is apparent
that the entire demanddi1 is shipped within a single constant flow-rate time interval.To see this,
note that in casePi1 does not start withe, commodityi1 has the highest priority in all previous
nodes onPi1 as well. This yields a flow profilefe with two breakpoints. We thus haveB(fe) = 2.

It is also easy to see thate is not the first arc on pathPij : By minimality of j, we haveB(fe) ≤
2j − 2 before commodityij is sent over arce. By construction of the greedy algorithm, pushing
commodityij from sourcesij through arce can add at most2 new breakpoints tofe: The first one
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e′n : 0

s t : d = 2c

e1 : a1

e′
1

: 0

e2 : a2

e′
2

: 0

e3 : a3

e′
3

: 0

en : an

Fig. 3. Reduction from PARTITION: All arcs have unit capacity. The arc transit times are givenin the picture. For the
upper arcsej , j = 1, . . . , n, they are taken from the PARTITION instance:a1, . . . , an. The transit times of the lower
arcse′j are0. At the sink nodet, a demand ofd = 2 c is present.

when we start to send flow of commodityij throughe; the second one when we stop to send flow
of commodityij .

We can assume by choice ofj ande that commoditiesi1, . . . , ij arrive on several arcse1, . . . , eq

attail(e) such thatB(fe1
)+ · · ·+B(feq) ≤ 2j. That is, the inflow profile of commoditiesi1, . . . , ij

in nodetail(e) has at most2j breakpoints. If this inflow profile fits into arce, i.e., if its maximum
is bounded by the capacityue, it is equal to the flow profilefe and we are done.

Otherwise, consider a time interval[θ, θ′) such that the inflow profile exceedsue during this time
interval. When flow is pushed through arce, thepeaksaboveue in the inflow profile are truncated
and the arce is saturated until timeθ′. Then, at timeθ′, there is positive excess in nodetail(e)
which is removed by keeping the arce saturated up to some moment in timeθ′′ > θ′ when the flow
profile fe finally returns to the inflow profile again. Notice that this truncation/saturation operation
does not increase the number of breakpoints. This concludesthe proof of the claim and the proof of
the theorem. ut

5 Weak NP-Hardness Results

In this section we prove NP-hardness for the multicommodityflow over time problem. As in the
last section, we consider instances with one sourcesi, one sinkti, and demanddi for every com-
modity i ∈ K. In Section 5.1, we show that the multicommodity flow over time problem with or
without storage at intermediate nodes is weakly NP-hard. Then, in Section 5.2 we refine the proof
and show that this hardness result already holds for the special case of only two commodities.

5.1 NP-Hardness with and without Intermediate Storage

Theorem 5. The multicommodity flow over time problem with or without storage at intermediate
nodes is NP-hard on series-parallel networks. The same holds for the maximum multicommodity
flow over time problem.

In the following discussion we concentrate on the multicommodity flow over time problem.
At the end of the proof we very briefly note how the maximum multicommodity flow over time
problem can be handled.

We give a reduction from the well-known NP-hard PARTITION problem: Givenn integer num-
bersa1, . . . , an ∈ N with

∑n
i=1 ai = 2L for someL ∈ N, the task is to decide whether there

is a subsetB ⊆ {1, . . . , n} such that
∑

i∈B ai = L. Given an instance of PARTITION, we con-
struct achord as shown in Figure 3 and introduce the first commodity with source s, sink t, and
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e : a

u v u v

e : a
s1s t : d = 2c t1 : d1 = 2c

sj tj : dj = L

Fig. 4. To let only c units of flow pass throughe in the given time horizonT = L + c, a commodityj is added with
demanddj = L. The new arc(sj , v) has capacity 1 and length 0.

demandd = 2 c. Here,c < 1 is some positive constant. Further commodities will be added later.
The time horizon is set toT := L + c. This constitutes the main building block of the reduction,
which is similar to other well known reductions of PARTITION to flow problems; see, e.g., [13].

Let P denote the set of all2n paths froms to t. For P ∈ P, let τ(P ) :=
∑

e∈P τe be the
length of pathP . For a given flow over timef (of the first commodity) and a pathP ∈ P, let xP

denote the total amount of flow of the first commodity routed alongP , that is,xP =
∫ T

0 fP (θ) dθ.
Furthermore, we definexe :=

∑

P∈P:e∈P xP to be the amount of flow of the first commodity routed
through arce.

Lemma 3. It is NP-hard to decide whether a flow amount of2 c can be routed froms to t within
timeT = L + c, such thatxe ≤ c holds for all arcse.

Proof. We will show that such a routing exists if and only if there is asolution to the PARTITION

instance, i.e., there isB ⊆ {1, . . . , n} such that
∑

i∈B ai = L. First the easy direction: If such a
subsetB exists, routec units of flow along the pathPB consisting of arcs{ei | i ∈ B} ∪ {e′i | i 6∈
B}. The remainingc units are routed along the complementary pathPB̄ with B̄ := {1, . . . , n} \B.
It is clear thatxe = c for all e ∈ E andτ(PB) = τ(PB̄) = L. Therefore,2 c units can be routed in
timeT .

Assume that2 c units can be routed in timeT = L + c such thatxe ≤ c for all e ∈ E. It is easy
to see thatxe = c must hold for all arcse. Consider the following sum of weighted path lengths

∑

P∈P

xP τ(P ) =
∑

P∈P

xP

∑

i∈{1,...,n}:ei∈P

ai =

n
∑

i=1

ai

∑

P∈P:ei∈P

xP

=
n
∑

i=1

ai xei
= c

n
∑

i=1

ai = 2 cL .

In particular, the weighted average path length is equal toL. No flow can be routed on a path of
length strictly larger thanL sincec < 1 and allai are integer. Thus, sending a positive amount of
flow on a path of length strictly smaller thanL would also imply that the weighted average path
length is strictly smaller thanL. Hence, every path which carries a positive amount of flow must
have length exactlyL and therefore induces a subsetB with

∑

i∈B ai = L. ut

Our aim is now to enforce the boundxe ≤ c for all arcse by introducing one further commod-
ity j per arc. We split every arce = (u, v) into two consecutive arcs(u, sj) and(sj , v) with unit
capacity; see Figure 4. The transit time of(sj , v) is zero and the transit time of(u, sj) equals the
transit time of the original arce. Notice that this modification has no impact on feasible flowsover
time for the first commodity. Now we introduce the additionalcommodityj with sourcesj and
sink tj = v. The demand of this new commodity is set toL. Therefore, at mostc additional units of
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flow of the first commodity can be sent through arc(sj , v) within time T = L + c. Note that flow
does not need to be stored at intermediate nodes, thus the reduction works for both models, with
and without storage. This concludes the proof of the first part of Theorem 5.

Maximum Multicommodity Flow Over Time.The presented construction cannot be used directly to
obtain the NP-hardness for the maximum multicommodity flow over time problem. In the gadget
depicted in Figure 4, we need that exactlyL units of flow of commodityj are sent. But in a solution
for the maximum multicommodity flow setting, where the demands are not given explicitly, it might
be advantageous to send more thanL units. To enforce this constraint nevertheless, one can enhance
the gadget by adding another commodity which basically blocks an arc thatj has to take forc
units of time. One can then show that every optimal flow can be transformed into a flow in which
exactlyL units ofj are sent. We will not go into details and only note that the construction is similar
to the one presented in the proof of Theorem 6 below, except that by adding a new commodity one
can ensure that the graph remains series-parallel. Also note that, again similar to the following
proof, it is necessary to simulate storage at certain nodes,in case that this is not allowed.

5.2 NP-hardness for the Special Case of Two Commodities

Next we present a gadget with which the boundxe ≤ c in Lemma 3 can be achieved by adding
only one new commodity. Thisblocking gadgetitself might be interesting in other contexts as well.
Modifying it so that an arbitrary amount of flow can be chosen for each arc, offers the possibility
to, e.g., reduce theLength Bounded Static Flowproblem to the multicommodity flow over time
problem. The former problem is known to be NP-hard already for one commodity. The presentation
and proofs though are fitted for the special case introduced above and yield the following theorem.

Theorem 6. The multicommodity flow over time problem with or without storage at intermediate
nodes is already NP-hard for the case of only two commodities. The same holds for the maximum
multicommodity flow over time problem.

In the following discussion we will concentrate on the multicommodity flow over time problem with
storage and then describe how the problem without storage and the maximum multicommodity flow
over time problem can be handled.

Blocking Gadget.The mentioned, more complex gadget to enforce the boundxe ≤ c is depicted
in Figure 5. Note that only one commodity needs to be added forall its occurrences, i.e., all such
gadgets share the same source and sink verticess2 andt2, respectively.

In the proof of the lemma below we will show that it is optimal to send c units of flow of the
first commodity along arcsef , ed, ee within the time interval[0, c) (notice that we have increased
the demand of the first commodity byc for each of the2n gadgets). This blocks arced such that
it is not possible to send more thanL units froms2 to t2 via eb, ec, ed. We show that it is optimal
to send exactlyL units, thus as desiredeb is blocked by commodity 2 for all butc units in time
interval [0, L + c). In contrast to the simple gadget in Figure 4, flow might need to be stored (at
nodew).

Let G be the original (Figure 3) andGm be the modified network, in which all arcs are replaced
by an instance of the blocking gadget (as mentioned above, all these instances share the same
source and sink verticess2 andt2, respectively). LetEb denote the set of all new arcs of typeeb,
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e : a
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t2 : d2 = 2 n L
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Fig. 5. This picture sketches the structure with which each arc is replaced. All arcs have capacity 1. The transit times
are0, except forea whose transit time is taken from the corresponding arc in theoriginal network, andee whose transit
time is set toL. These arcs are highlighted. The demands added to the pair(s1, t1)—which corresponds to(s, t) in
Figure 3—and(s2, t2) are motivated in the proof of Lemma 4.

see Figure 5. Note that|Eb| = 2n. Analogously toxe, let xe,i denote the total amount of flow of
commodityi routed through arce.

Lemma 4. Let T = L + c be the time horizon. Ans-t-flow over time inG which satisfies de-
mandd = 2c in time horizonT , obeying the constraintsxe ≤ c for all arcs e of G, exists if and
only if there is a2-commodity flow over time inGm which satisfies demandsd1 = 2n c + 2 c
andd2 = 2n L in timeT .

Proof. We start with the more difficult direction: From a flow over time in Gm which satisfies
demandsd1 andd2 in time T , we derive ans-t-flow over time inG with time horizonT which
satisfies demandd and does not violate the arc constraintsxe ≤ c for any arce. Consider a single
gadget. First of all note that we may assume thatxec,1 = 0. Flow of the first commodity alongec

might as well be routed directly onef . Similarly, xeb,2 = xec,2 = xed,2 may be assumed. Flow of
the second commodity coming fromeb not directly continuing along arcec would unnecessarily
block other arcs inEb, to which it could be sent directly froms2. To simplify notation we denote
by x2 := xeb,2 the total amount of flow of commodity2 through this gadget.

Since all capacities are1 and the time horizonT is equal toL+ c, we know that the inequalities

xed,1 + x2 = xed,1 + xed,2 ≤ L + c (10)

and

xeb,1 + x2 = xeb,1 + xeb,2 ≤ L + c (11)

hold. Furthermore, fromτ(ee) = L we get thatxed,1 ≤ c. To achieve equality,c units of flow of
the first commodity have to be sent in time[0, c) along arcsef , ed, ee. We argue that this must be
the case if demandsd1 andd2 are satisfied. Let us assume by contradiction thatxed,1 = c− c1 < c.
Since no othered type arc can carry more thanc units of flow of the first commodity and sinced1 =
2n c + 2 c, at least2 c + c1 units of the first commodity must be sent along the chord, viaeb type
arcs tot1. Note thatGm contains2n copies of the gadget.

To be more precise, let us consider two gadgets corresponding to some pair of parallel arcse
and e′ in the chordG. Let xeb,1, x2 andx′

eb,1
, x′

2, respectively, denote flow amounts as defined
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Fig. 6. Replace a node by a chord. The new arcs have infinite capacities. As depicted, the transit times of all upper arcs
are powers of2. All lower arcs have transit time0. The extra nodes for the lower arcs are added only to avoid multi
graphs. The value ofk is chosen sufficiently large.

above. Clearly the mentioned2 c + c1 units of flow have to pass through this pair completely and
thereforexeb,1+x′

eb,1
≥ 2 c+c1. With (11) we getx2 +x′

2 ≤ 2L+2 c−(xeb,1 +x′
eb,1

) ≤ 2L−c1.
Since this holds for alln pairs of gadgets, demandd2 = 2n L cannot be satisfied. This contradicts
our assumptions and thusxed,1 = c holds for all gadgets.

With (10) we now get thatx2 must equalL for all gadgets; otherwise demandd2 cannot be
met. Note that theseL units of flow might (partially) need to be stored atw becauseed is saturated
in [0, c). This is the only node in the gadget where the possibility to store flow is required.

Applying inequality (11) again, we derive thatxeb,1 ≤ c for all gadgets. Thus to construct a flow
over time inG that satisfies demandd = 2 c within time horizonT and obeys the arc constraints, we
simply route the2 c units of the first commodity which are routed along arcs inEb correspondingly
in G.

The easier direction remains: Given ans-t-flow over time inG of value d = 2 c and time
horizonT , adhering toxe ≤ c for all arcse, we directly transfer it to flow of the first commodity
in Gm in the canonical way. Additionally,2n c units of the first commodity are routed alonged type
arcs within time interval[0, c). Thus, demandd1 = 2n c + 2 c is met.

To meet demandd2 = 2n L, exactlyL units of the second commodity are sent through each
gadget. This is possible sincexed,1 = xeb,1 = c and equality in (10) and (11) can be achieved by
possibly storing flow atw. In other words, bothed andeb only carryc units of the first commodity
such that, in addition,L units of the second commodity can be sent. This altogether gives a flow
over time inGm satisfying demandsd1 andd2 in timeT . ut

Lemma 4 and Lemma 3 together yield that the multicommodity flow over time problem with
storage at intermediate nodes is already NP-hard for the case of only two commodities, proving part
of Theorem 6. We now describe how storage at nodes can be simulated for the case where storage
is not allowed and give the idea of how to adapt the proof to themaximum multicommodity flow
over time problem.

Simulating Intermediate Storage.If all transit times and the time horizon are multiples of a constant
(in our casec), we can scale everything to integer values. Then, with Lemma 2 in [4] we know that
it suffices to consider the model with discrete (integral) time-steps. Each node at which we wish to
have storage (all “w-type” nodes; see proof of Lemma 4) is replaced by the gadget in Figure 6.

We choosek big enough, e.g.,k := dlog(T )e. It is clear that flow enteringv1 at a certain time-
step can be postponed to continue fromv2 at (and perhaps split to several) arbitrary later time-steps.

Maximum Multicommodity Flow Over Time.To obtain the NP-hardness result for the maximum
multicommodity flow over time problem, Lemma 3 can be appliedas is. It is possible to reformulate
Lemma 4 for the maximum flow case. One can prove that a maximum flow of value2n L+2n c+2 c
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Fig. 7.Goal of thetraffic light gadget: Given time horizonT , block arce during time intervals[0, a) and[b, T ), wherea ≤
b. All arcs have capacity1 and transit time0, except(s1, s2) which has transit timeb, and(t1, t2) which has transit
timeT − a.

in time T = L + c can be modified such that exactly the demandsd1 andd2 are met. The proof is
omitted; it consists of simple exchange arguments.

6 Strong NP-Hardness Results

In this section we prove strong NP-hardness for the multicommodity flow over time problem with-
out storage of flow at intermediate nodes when only simple flowpaths are allowed; see Section 6.1.
The reason for the latter restriction is to forbid simulation of storage by adding loops to a path. Note
that in the casewith storage this is no true restriction because every loop can bedeleted from a path,
storing the corresponding flow for the amount of time it wouldhave spent traveling along the loop.
Then, in Section 6.2 we prove that, under the above restriction, the quickest multicommodity flow
problem does not have an FPTAS, unless P=NP.

6.1 Strong NP-Hardness for the Case with Simple Flow Paths and no Intermediate Storage

The NP-hardness proof uses a reduction from the well known 3-PARTITION problem. In this prob-
lem, a set of3n itemsB = {1, . . . , 3n} with associated sizesb1, . . . , b3n ∈ N, and a numberL ∈ N

are given, withL/4 < bi < L/2, for eachi, and
∑3n

i=1 bi = nL. It is a strongly NP-hard problem
to decide whetherB can be partitioned inton disjoint setsI0, . . . , In−1 such that

∑

i∈Ij
bi = L,

for j = 0, . . . , n − 1. Note that due to the bounds on the item sizesbi, all setsIj must have cardi-
nality 3.

Before presenting the reduction, we introduce a useful little gadget. In the following, all arcs
have capacity1 and transit time0, if not marked otherwise.

The Traffic Light Gadget.Figure 7 shows thetraffic light gadgetwhich can be used to replace a
single arce. Any flow over time that satisfies demandsd1 andd2 in the given time horizonT ,
completely blocks arce2 during the time intervals[0, a) and[b, T ) with flow of commodity2 and1,
respectively. These intervals would so to speak be the “red phases”. As a result, only during the
“green phase”[a, b) flow of other commodities can pass through the arc. In the construction, arce
is split into two arcs so flow of commodities1 and 2 has to travel directly viae2 to t1 and t2,
respectively.
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Fig. 8. The grid-like structure constructed from an instance of 3-PARTITION. li,j are traffic light gadgets with given
“green phase”, the transit times are 0 if not given differently. The gray arcs highlight a path corresponding to the solu-
tion I0 = {1, 2, 3n}, . . . , Ij−1 = {3, . . . }, . . .

In the reduction given below, this gadget is utilized for several arcs. Naturally, for each of
these realizations, two new commodities are added. For simplicity of presentation, we label the
corresponding arcs with the interval of their “green phase”and do not depict the whole gadget.

Reducing 3-Partition.We now continue with the actual reduction of 3-PARTITION.

Theorem 7. The multicommodity flow over time problem with simple flow paths and without stor-
age of flow at intermediate nodes is NP-hard in the strong sense. The same holds for the maximum
multicommodity flow over time problem.

Proof. As before we concentrate on the multicommodity flow over timeproblem and then very
briefly note how the maximum multicommodity flow over time problem can be handled. From
an instance of 3-PARTITION given by B, (b1, . . . , b3n), andL, the grid-like structure sketched
in Figure 8 is constructed. Notice that some arcs are labeledwith a time interval and therefore
represent a traffic light gadget containing two additional commodities (see Figure 7). We will prove
that d1 = 1 unit of flow of commodity1 can be routed froms1 to t1 on simple paths without
intermediate storage within timeT := n L + n + 1 if and only if the underlying instance of 3-
PARTITION is a ‘yes’-instance.

To give some intuition, we start with the easier direction and describe how a flow over time that
satisfies the demandd1 in timeT can be derived from a solution to the 3-PARTITION instance. Say
we are given a partitioningI0, . . . , In−1 of B. From this partioning we derive onesimplepathP on
which we send 1 unit of flow froms1 to t1, starting at time 0 at rate1. We choose pathP such that
it traverses the grid row by row. That is, from a nodevj,i, i ≤ 3n, it either goes directly or viaei

to nodevj,i+1. As to not exceed the time horizonT , flow alongP should traverse all traffic light
gadgets during their “green phases”. Hence flow can only go from the right end of rowj − 1 to the
left end of rowj if it reaches the traffic light gadgetlj,0 within the time interval[j L+j, j L+j+1).
Thus, in each rowj the pathP must have a transit time of exactlyL+1. If this is the case, it is also
easy to check that flow actually passesall traffic light gadgets alongP during their “green phases”.
This transit time ofL + 1 of a row j can be achieved by selecting three arcsei1 , ei2 , ei3 , whose
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transit times add up toL and defining the path such that it uses these three and no otherei-type arcs
in row j; note that the arc aftervj,3n+1 has transit time1. The selection of arcsei1 , ei2 , ei3 for row j
is taken directly from the setIj = {i1, i2, i3} of the given partitioning. Since this partitioning is a
solution to the 3-PARTITION instance, eachei is only touched once in the entire path and therefore
the path is simple, as required.

We now come to the harder direction and prove that a flow over time which satisfies de-
mandd1 = 1 within time horizonT = n L + n + 1 and passes all traffic light gadgets during
their “green phases”, directly yields a feasible solutionI0, . . . , In−1 to the underlying instance of
3-PARTITION.

Assume we are given such a flow over time which satisfies demandd1 within time horizonT .
Note that flow of commodity1 can only pass through the traffic light gadgetslj,i in the given
intervals. If an amount ofδ passes through a gadget outside its “green phase”, the time horizon
increases to at leastT + δ.

We choose any pathP in the setP1 of all paths froms1 to t1, with xP > 0 and start by
proving thatP traverses the grid row by row. Consider nodevj,i, i ≤ 3n, in row j: either the flow
goes directly to nodevj,i+1, staying in rowj, or it continues to arcei. To see via which traffic
light gadget the flow leaves the head node ofei in the latter case, we need to know at what time it
enteredvj,i (which yields the time when it leavesei). To this end, we consider the last traffic light
gadgetlj,i′ , i′ < i, beforevj,i onP and distinguish two cases:

i) i′ = 0: In this case, flow alongP can entervj,i only within time interval[j L+ j, j L+ j +1).
ii) i′ > 0: In this case, flow alongP entersvj,i within [j L + j + bi′ , (j + 1)L + j + 1).

In both cases, flow alongP arrives atvj,i and thus atei within the time interval[j L+ j, (j +1)L+
j + 1). On arcei, the flow is delayed bybi and thus arrives at the head ofei before(j + 1)L+ (j +
1) + bi. This is the lower bound of the interval oflj+1,i. Since flow cannot be stored, it therefore
cannot leave via anylj′,i with j′ > j. Similarly flow onP cannot leave via anylj′,i with j′ < j.
Thus, ifP containsvj,i andei, it must continue tovj,i+1, staying in rowj. Consequently, the only
point whereP can leave rowj is to the right ofvj,3n+1, where it can only go to rowj + 1.

Now that we know thatP traverses the grid row by row, we prove that it touches exactly 3
arcsei1 , ei2 , ei3 , with bi1 + bi2 + bi3 = L in each fixed rowj ∈ {0, . . . , n − 1}. The length of
the time-span a unit of flow can spend in this row is solely determined by the traffic light gadgets
before and after the row, namelylj,0 andlj+1,0. It is easy to check that the “red phases” of all other
traffic light gadgets in rowj do not restrict this time-span (notice that the last arc of the row has
transit time1).

From the “green phase”lj,0 and lj+1,0 it follows that the length of the time-span is in the
interval (L,L + 2) (subtract the lower and upper bound oflj+1,0 andlj,0, correspondingly). Since
all transit times are integer and flow cannot be stored at nodes, the time-span must have lengthL+1.
Of this, 1 unit of time is spent in the last arc of the row. Allei, i = 1, . . . , 3n, have integer transit
times, and all other arcs have transit time 0. Thus the transit times of theei-type arcs touched in
row j, denoted byEj := {ei1 , ei2 , . . . }, must sum up toL.

SinceL/4 < bi < L/2 holds for alli ∈ {1, . . . , n}, the cardinality ofEj must be3. Thus, we
can setIj := {i1, i2, i3}, if Ej := {ei1 , ei2 , ei3}, for j ∈ {0, . . . , n − 1}. As a consequence ofP
being a simple path the setsIj are disjoint and therefore form a solution to the underlyinginstance
of 3-PARTITION. This concludes the proof of the first part of the theorem.
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Maximum Multicommodity Flow.To carry over the hardness result to the maximum flow case, one
mainly has to take a closer look at the traffic light gadget; see Figure 7. It is easy to prove with an
exchange argument that any maximum flow over time with time horizonT can be transformed into a
flow that locally, in each traffic light gadget, satisfies the demandsd1 andd2 and consequently there
are again “green” and “red phases” where flow of the main commodity can, respectively cannot
pass through the gadget. The remaining argumentation in theabove proof remains unchanged and
yields the following result. If there is a maximum flow over time which sends1 unit of flow of the
main commodity froms1 to t1 in time T = n · L + n + 1, then a solution to the 3-PARTITION

instance exists. This concludes the proof. ut

6.2 No FPTAS for the Case with Simple Flow Paths and no Intermediate Storage

Unfortunately, Theorem 7 does not immediately yield the non-existence of an FPTAS (under the
assumption P 6=NP) for the quickest multicommodity flow problem, since the objective function
values are not necessarily integral. To obtain such a resultanyhow, we prove the existence of a
certain gap in the optimal values which the objective function can take.

Theorem 8. Unless P=NP, there is no FPTAS for the quickest multicommodity flow problem with
simple flow paths and without storage of flow at intermediate nodes.

Proof. We consider the reduction presented above. Given a no-instance of 3-PARTITION, we show
that the time horizon of a quickest flow is at leastT + δ, whereT = n L+ n + 1 andδ ∈ Ω(1/n2).
From the proof of Theorem 7 we know that a yes-instance leads to a time horizon ofT . This relative
gap ofδ/T ∈ Ω(1/(n3 L)) and the fact that 3-PARTITION is strongly NP-hard, give the desired
result. (An FPTAS for quickest flow could solve 3-PARTITION in pseudo-polynomial time.)

If we are given a no-instance of 3-PARTITION, every pathP ∈ P1 in the corresponding
quickest flow instance violates at least one traffic light gadget. Otherwise, we could satisfy the
demandd1 = 1 in time T by sending it completely along that path, thereby obtaininga solution to
the 3-PARTITION instance. To see this, note that all paths have integer lengths and all intervals of
the traffic light gadgets have integer bounds.

If every path violates at least one gadget and there areO(n2) such gadgets, it follows thatδ ∈
Ω(1/n2); in the worst case,d1 is distributed evenly among the gadgets. This concludes theproof
of the theorem. ut
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