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Abstract. Given a network with capacities and transit times on the, dhesquickest flow problem asks for a
‘flow over time’ that satisfies given demands within mininiaie. In the setting of flows over time, flow on arcs
may vary over time and the transit time of an arc is the timakies for flow to travel through this arc. In most
real-world applications (such as, e.g., road traffic, comigation networks, production systems, etc.), transit
times are not fixed but depend on the current flow situatioménrtetwork. We consider the model where the
transit time of an arc is given as a nondecreasing functichefate of inflow into the arc. We prove that the
quickests-t-flow problem is NP-hard in this setting and give various agpnation results, including a fully
polynomial time approximation scheme (FPTAS) for the gagtkmulticommodity flow problem with bounded
cost.

1 Introduction

Flows over time have been introduced more than forty yeansbgtg-ord and Fulkerson [6, 7]. Given a
directed graph with capacities and transit times on the aresurce node, a sink node;, and a time
horizonT', they consider the problem of sending the maximum possilsleuait of flow froms to ¢
within T" time units. A flow over time specifies a flow rate for each araabepoint in time. The capacity
of an arc is an upper bound on this flow rate, i.e., on the amolfibw that can be sent into the arc
during each unit of time. Flow on an arc progresses at a cotseeed which is determined by its transit
time.

Known results for flows over time with constant transit timEsrd and Fulkerson show that the max-
imum s-t-flow over time problem can be solved by essentially onecstatn-cost flow computation in
the given network, where transit times are interpreted atscén arbitrary path decomposition of such
a static min-cost flow can be turned into a flow over time by sanflow at the given flow rate into each
path as long as there is enough time left for the flow on a padinriee at the sink before time. A flow
featuring this structure is called ‘temporally repeated’.

A problem closely related to the maximusvi-flow over time problem is the quickestt-flow prob-
lem. Here, the flow value (or ‘demand’) is fixed and the tasloi§irid a flow over time with minimal
time horizonT'. Clearly, this problem can be solved in polynomial time bgarporating the algorithm
of Ford and Fulkerson into a binary search framework. ButkBlaska, and Klinz [2] give a strongly
polynomial algorithm for the quickest¢-flow problem which is based on the parametric search method
of Megiddo [18]. Hoppe and Tardos [12, 13] study the quickestsshipment problem which, given sup-
plies and demands at the nodes, asks for a flow over time the¢szall supplies and demands within
minimal time. They give a polynomial time algorithm whichli®wever, based on a submodular function
minimization routine.

* An extended abstract appeared in [9]. This work was suppantpart by the joint Berlin/Zurich graduate program Conabin
torics, Geometry, and Computation (CGC) financed by ETHduand the German Science Foundation grant GRK 588/2.

It was also supported by the EU Thematic Network APPOL I, Agxmation and Online Algorithms, IST-2001-30012,
and by the DFG research center “Mathematics for key teclyiedd (FZT 86) in Berlin.
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The latter fact already indicates that flow over time protdemre, in general, considerably harder than
their static counterparts in classical network flow theditye best evidence for this allegation is maybe
provided by a surprising result of Klinz and Woeginger [1#hey show that computing a quickest
s-t-flow of minimum cost in a network with cost coefficients on #es is already NP-hard in series-
parallel networks. Moreover, it is even strongly NP-harditml a quickest temporally repeates-
flow of minimum cost. Only recently, Hall, Hippler, and Skilae[8] showed that computing quickest
multicommodity flows is NP-hard, even on series-paralléivoeks.

On the other hand, Ford and Fulkerson [6, 7] introduce theeoiof time-expanded networks which
allows to solve many flow over time problems in pseudopolyiabrtime. The node set of a time-
expanded network consists of several copies of the nodef $be ainderlying graph building a ‘time
layer’. The number of time layers is equal to the integraletinorizonT” and thus pseudopolynomial in
the input size. Copies of an arc of the underlying graph joiies of its end-nodes in time layers whose
distances equal the transit time of that arc. Ford and Fedkeobserve that a flow over time in the given
graph corresponds to a static flow in the time-expanded mipand vice versa. Thus, many flow over
time problems can be solved by static flow computations iriithe-expanded network.

Fleischer and Skutella [4] come up with so-called ‘conddhBme-expanded networks which are of
polynomial size and can be used to compute provably goodaonimodity flows over time with costs
in polynomial time. In particular, they present a fully pogmial time approximation scheme (FPTAS)
for the quickest multicommodity flow problem with boundedst{4, 5]. Using completely different
techniques, they also show thiaapproximate temporally repeated flows can be obtained &atatic,
length-bounded flow computation in the given graph [4]. Tiheaemtage of the latter solutions is that they
have a very simple structure and also do not use storage offlovermediate nodes.

Flow-dependent transit timesSo far we have considered the setting of flows over time wheresit
times of arcs are fixed. In many practical applications, h@rethe latter assumption is not realistic
since transit times vary with the flow situation on an arc. \@kerrto [1, 19, 20] for an overview and
further references. Usually, the correlation of the triatigie and the flow situation on an arc is highly
complex. It is a major challenge to come up with a mathemiaticadel that, on the one hand, captures
the real behavior as realistically as possible and, on therdtand, can be solved efficiently even on
large networks.

Kohler and Skutella [16] consider a model where, at any nminretime, the actual speed of flow
on an arc depends on the current amount of flow on the arc. Uhgeassumption, they give 2
approximation algorithm for the quickestt-flow problem and show that no polynomial time approxi-
mation scheme (PTAS) exists, unless P=NP. A simpler modg#lidied by Carey and Subrahmanian [3].
They assume that the transit time on an arc only depends oautient rate of inflow into the arc
and propose a time-expanded network whose arcs somehowt tefiebehavior. Kdhler, Langkau, and
Skutella [15] give @-approximation algorithm for the quickest-flow problem in the setting of inflow-
dependent transit times. The algorithm uses the algorithfFroad and Fulkerson [6, 7] on a so-called
‘bow graph’ with fixed transit times on the arcs. In the bowpraevery arc of the original graph is
replaced by a bunch of parallel arcs corresponding to @iffetransit times. The quickest flow problem
in the bow graph is a relaxation of the quickest flow problerthwriflow-dependent transit times.

Contribution of this paper.While, for the special case of constant transit times, qstkt-flows can

be computed in polynomial time [2, 6, 7], we show in Sectiorh&t the problem becomes NP-hard if
we allow inflow-dependent transit times. In Section 4, weegalize the2-approximation result given

in [15] to the setting with costs and multiple commoditiesir@pproach is based on a new and stronger
relaxation of the quickest flow problem, which we introduceSection 3. This relaxation is defined
in a bow graph similar to the one introduced in [15], but itaiselditional ‘coupling constraints’ be-
tween flow values on different copies of one arc in the origgraph. In particular, this relaxation can



An FPTAS for Quickest Multicommodity Flows with Inflow-Depdent Transit Times 3

no longer be solved by standard network flow algorithms bgtires general linear programming tech-
niques. Nevertheless, as shown in Section 4, the apprdsim@chnique based on length-bounded static
flows presented in [4] can be generalized to yield provablydgsolutions to our bow graph relaxation.
Moreover, we prove that such a solution to the relaxationbmaturned into a feasible multicommodity
flow over time with inflow-dependent transit times and bouhdest.

The main contribution of this paper is a fully polynomial 8rapproximation scheme for the quickest
multicommodity flow problem with bounded cost and inflow-degent transit times (see Section 5). It
again uses the new bow graph relaxation introduced in Se8tiand generalizes the approach based
on condensed time-expanded networks from [5]. Interdstinge time-expanded version of our bow
graph relaxation essentially coincides with the modifietetiexpanded graph considered by Carey and
Subrahmanian [3].

While approximation results and, in particular, approxiormschemes are often considered to be of
purely theoretical interest, the situation is quite diffetrhere. Flow-dependent transit times represent a
crucial phenomenon inherent in many real-world applicetiof network flows. Nevertheless, there are
hardly any models and algorithmic techniques known whi@capable of providing reasonable solu-
tions even for networks of rather modest size. The FPTASHibow-dependent transit times presented
in this paper is based on rather simple and efficient flow cdatjmns in condensed time-expanded net-
works. It therefore reveals a promising direction and saisepe for the development of efficient and
flexible tools that can deal with reasonably sized real-vodtworks.

2 Preliminaries

We are considering network flow problems in a directed gréph= (V, E) with n := |V| nodes
andm := |E| arcs. Each are € E has associated with it a positive capacityand a nonnegative,
nondecreasing transit time function : [0, u.] — R™. There is a set of commoditigs = {1,...,k};

every commodityi € K is defined by a source-sink paifs;,t;) € V x V. The objective is to send a
prespecified amount of flow; > 0, called the demand, fromy to ¢;. Finally, each are has associated
cost coefficients: ;, for i € K, wherec.; is interpreted as the cost (per flow unit) for sending flow
of commodity: through the arc. For an akc= (v, w) € E, we use the notation hegd := w and
tail(e) := v.

2.1 Static flows

A static (multicommodity) flow in G assigns every arcand commodity a nonnegative flow value. ;
such thaflow conservatiorholds:

> @ei— Y @i =0 forallv e V'\ {s;,¢;} andi € K.,

ecé™ (v) ecédt(v)

Here,& (v) andd~ (v) denote the set of arcs leaving and entering ngdespectively. The static flow
satisfies all demands if

Z Tej— Z Tej = d; foralli € K.

e€d (t;) e€dt(t;)

It is calledfeasibleif it obeys the capacity constrainis := >, zc; < ue, for alle € E. The cost of
a static flow is defined agz) := > .5 D ick Cei Tei-

4 To simplify notation, we restrict to the case of only one seuand one sink for each commodity. However, our results can
be directly generalized to the case of several sources akd with given supplies and demands for each commodity.
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2.2 Flows over time with constant transit times.

A (multicommodity) flow over timg in G with time horizonT is given by Lebesgue-measurable func-
tions f.; : [0,7) — R*, wheref.;(0) is the rate of flow (per time unit) of commodityentering arc
e at timed. In order to simplify notation, we sometimes ufeg () for 6 ¢ [0,T), implicitly assuming
that f. ;(#) = 0 in this case. The capacity, is an upper bound on the rate of flow entering @aat any
moment of time, i.e.fc(0) < u. forall @ € [0,T) ande € E. Here, f.(0) := Y .. fe,i(0) is the total
rate at which flow is entering akcat time#f.

In the original setting of flows over time, the transit timenétion 7. of arc e is assumed to be
constant. Then, the floW. ;(¢) of commodity: entering are: at timeé arrives at head] at time6 + .
All arcs must be empty from tim@ on, i.e.,f. ;(#) = 0 for § > T'— 7.. To generalize the notion dibw
conservationwe define

D (&) = > /fe,i(e—Te)dQ

to be the total inflow of commodity € K into nodev until time ¢ € [0, 7. Similarly,

13
Di©) = 3 /O f.i(0)d6 1)

ecédt(v)

is the corresponding outflow. We consider the model withegferof flow at intermediate nodes. That is,
flow entering a node can be held back for some time before &ns @nward. To rule out deficit at any
node, we require that the total inflow must upper bound tre tmitflow for any point in time and any
node other than the source:
D, (&) — Df(&) >0 forall ¢ € [0,7),i € K, andv € V\{s;}. )

Moreover, flow must not remain in any node other than the satkBneT'. Therefore, we require that
equality holds in (2) for every € K, v € V\{s;,t;}, attime& = T The flow over timef satisfies the
multicommodity demands if

D-

ti,

(T) — D

ti,

(T) = d; for any commodityi € K. 3)

The cost of a flow over tim¢ is defined as(f) := > .cp > ick Cesi fOT fe,i(0)db.

2.3 Time-expanded graphs.

Many flow over time problems can be solved by static flow athoms in time-expanded graphs [6, 7].
Given a graphG = (V, E) with integral transit times on the arcs and an integral tiragzon 7', the
T-time-expanded grapbf G, denotedG?, is obtained by creatin@’ copies ofV/, labeledV, through
Vr_1, with the #*" copy of nodev denotedv(6), # = 0,...,T — 1. For every are = (v,w) € F and
0=0,...,7 —1— 7., there is an are(¢) from v(6) to w(6 + 7.) with the same capacity and costs
as arce. In addition, there is an infinite capacityldover arcfrom v(¢) to v(6 + 1), for allv € V and
6 =0,...,T — 2, which models the possibility to hold flow at node&luring the time intervald, 6 + 1).
Any static flow in this time-expanded network corresponds fiow over time of equal cost: interpret
the flow on are:(0) as the flow through are = (v, w) that starts at nodein the time intervalf, 6 + 1).
Similarly, any flow over time completing by tiriE corresponds to a static flow @’ of the same value
and cost obtained by mapping the total flow starting:am time interval[¢, 0 + 1) to flow on arce(9).
Thus, we may solve a flow over time problem by solving the gpoading static flow problem in the
time-expanded network.
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One drawback of this approach is that the sizeGdf depends linearly off’, so that if 7" is not
bounded by a polynomial in the input size, this is not a pogied-time method. However, the following
useful observation can be found in [4]: If all transit times multiples of some large numbey > 0, then
instead of using th&'-time-expanded graph, we may rescale time and udecandensed time-expanded
graphthat contains only7'/A] copies ofl/. Since in this setting every arc corresponds to a time iaterv
of length A, capacities are multiplied byA. For more details we refer to [4].

2.4 Flows over time with inflow-dependent transit times.

In the original setting of flows over time discussed aboves iassumed that transit times are fixed
throughout, so that flow on akcprogresses at a uniform speed. In the following, we will idesthe
more general model dhflow-dependentransit times. Here, the transit time of an arc may vary whith t
current amount of flow using this arc. Each arbas an associated non-negative transit time function
7. Which determines the time it takes for flow to traverse arb order to define a(multicommaodity)
flow with inflow-dependent transit timés.).c  and time horizori’, we generalize the requirements for
flows over time as defined above: Flow of commoditgntering arce at time# at rate f. ;(6) arrives

at heade) at time6 + 7.(f.(9)). In order to obey the time horizof, we require for alle € E and

0 € [0,7T) that f.(#) > 0 must imply6 + 7.(f.(f)) < T. The total inflow of commodity € K into
nodev until time ¢ € [0, 7] is now given by

o= ¥ [ o
e€d— (v) 0>0:
9+Te(fe (6))§£

The definition of the total outflow (1) remains unchanged.hfitese slight adjustments, the flow con-
servation constraints (2) and the demand constraints (Bpealirectly adopted.

We will later need the following simple observation whichlda/s from the fact that flow can be
stored at intermediate nodes.

Observation 1. For every arce € E, lett, : [0,u] — RT and 7. : [0,u.] — R™ be transit time
functions on arce such thatr/(z) < 7.(z) for all x € [0,u.]. Then, a flow over time with inflow-
dependent transit time3. ). and time horizorl” also yields a flow over time with inflow-dependent
transit times(7.).cp and time horizor?".

Thequickest (multicommodity) flow problem with castto find a (multicommodity) flow over time with
inflow-dependent transit times (@ that satisfies the demands within minimal tiffieat a cost which is
bounded from above by a givéiudgetC'.

3 The Bow Graph

In [15] a so-callechow graphis introduced in order to attack inflow-dependent trangiie. The bow
graph is an expansion of the original graph according to iengransit time functions. Every arc with
inflow-dependent transit time is replaced by a bunch of aiitls fixed transit times. On the one hand,
it is shown in [15] that a flow over time with inflow-dependerdrtsit times in the original graph can
be regarded as a flow over time (with constant transit timeshé bow graph. Hence, the bow graph
serves as a relaxation of inflow-dependent transit timesth®rother hand, it is shown that a quickest
s-t-flow (with constant transit times) in the bow graph can beddrinto ans-t-flow over time with
inflow-dependent transit times in the original graph whilsihg only a factor of two on the optimal time
horizon of a quickest-¢-flow in G.

In this section, we will define a bow graph that is very simitathe one defined in [15]. However,
it turns out that, in order to approximate the quickest (infldependentinulticommodityflow in G, one
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must not allow arbitrary flows over time in the bow graph aslaxation to inflow-dependent transit
times. Instead, we will restrict to a certain subclass of #@wer time in the bow graph in order to get a
stronger relaxation of the problem under consideration.

Let us for the moment assume that all transit time functiorsp@ecewise constant, non-decreasing,
and left-continuous. This transit time function of ares denoted byr?. It is given by breakpoint§ =
T < x1 < --- < xy and corresponding transit times < --- < 7. Flow entering are at ratex €
(z;—1, ;] Nneedsr; time to traverse are. Later we will use the fact that general transit time funsican
be approximated by such step functions within arbitraryigien.

The bow graph, denote@? = (V 2, EP), is defined on the same node set@si.e., VB := V,
and is obtained by creating several copies of an arc, one/émy @ossible transit time on this arc. Thus,
arce is replaced by parallelbow arcsaq,...,a,. The transit time of bow ara; is 7; and its capacity
isxz;,i = 1,...,¢ We will denote the set of bow arcs corresponding tocare £ by EZ, and refer
to EP as theexpansiorof arce. The cost coefficients of every arce EP are identical to those af,
i.e.,cq 1= Ce i, fOri € K. Forevery ara € EZB, lete(a) denote the corresponding original arc

3.1 A Relaxation of Inflow-Dependent Transit Times

We will now discuss the relationship between flows over tinigh \wflow-dependent transit times @&
and flows over time in the bow gragh®. Any flow over timef in G with inflow-dependent transit times
(78)ecr and time horizo” can be interpreted as a flow over tirfi€ in G? (with constant transit times)
with the same time horizof": If flow is entering aree € E at time6 with flow rate f.(6), then, in the
bow graph, this flow is sent onto the bow are EZ representing the transit time ( f.(9)).

Unfortunately, an arbitrary flow over timg” in G” does not correspond to a flow over tirfievith
inflow-dependent transit timds?).cz in G. In addition, we have to require the following property: For
every original aree € E and at every point in timé, the flow f? sends flow into at most one bow
arca € EB. This property ensures that flow units entering @at the same timé travel throughe at
the same pace. A flow over time @#? fulfilling this property is callednflow-preserving

Observation 2. Every inflow-preserving flow over tim@ in G with time horizorl” corresponds to a
flow over timef in G with inflow-dependent transit timés?).c z and time horizor?’, and vice versa.

Notice that the set of inflow-preserving flows over time is nohvex. In particular, it is difficult to
compute inflow-preserving flows directly. Therefore, weoat®nsider a relaxed notion which can be
interpreted as a convexification of inflow-preserving flofst any arax € EB, let \,(0) := f2(0)/u,
denote theper capacity inflow raténto arca at timed. Then, a flow over timef? in GP with time
horizonT is calledweakly inflow-preserving »° . ps Aa(0) < 1foralle € £ andf € [0,T). Since
every inflow-preserving flow over time is also weakly infloneperving, it follows from Observations 1
and 2 that weakly inflow-preserving flows over time(iff constitute a relaxation of flows over time with
inflow-dependent transit times @:

Observation 3. For every arce € F, lett : [0,u.] — RT and 7. : [0,u.] — R™ be transit time
functions on are: such thatr? is a step function with??(z) < 7.(z) for all =z € [0,u.]. Then, every
flow over time with inflow-dependent transit times).cz and time horizorll" in G yields a (weakly)
inflow-preserving flow over time with time horizéhn G7.

The basic idea of the approximation algorithms presentetthimpaper is to compute weakly inflow-
preserving flows over time in an appropriate bow graph amal tlkese into flows over time i6r with
inflow-dependent transit times. The following lemma andcisollary make this approach work. Con-
sider the expansion of a single are F to bow arcsE? = {ay, ..., as}.

Lemma 1. Let fB be a weakly inflow-preserving flow over time with time horiZzom EZ andé > 0.
Then,fB can be turned into an inflow-preserving flow over tififéin EZ such that every (infinitesimal)
unit of flow in 2 reaches hea@) at mosts time units later than it does ifi®.
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Ua : Uq

0 5 20 30 6 0 5 26 36 0
Fig. 1. Original flow rate on bow ara (on the right) and modified flow rate produced by bufferingaiit(t:) (on the left).

Proof. For every bow are;,i = 1,..., ¢, we set up a buffeb; in tail(e) for temporary storage of flow.
The bufferb; is collecting all flow inf? which is about to be shipped through bow afclt can output
this flow in a first-in-first-out manner, i.e., flow units musiter and leave the buffer in the same order.
Buffer b; has only two output modes. Either ita®sedand no flow is leaving the buffer, or it gpenand
flow is leaving the buffer at constant ratg,, immediately entering are;. In our modified solutionf 2,
at every point in time at most one of the bufféfs i = 1, ..., ¢, will be open. This guarantees thaf
is inflow-preserving.

As above, let\,(0) := fB(0)/u, be the per capacity inflow rate ¢ on arca € EZ at timef. We
partition the time horizon into intervals of lengthwheres := § /2. Let )\, ; be the average per capacity
inflow rate on ara: € E” during time interval(j — 1) 4,5 0), i.e.,

190

Aaj = Na(0)dO ,  forj=1,... [T/

5 (j—1)8

We define the modified floyiZ as follows: During the firsé-round, all buffers are closed. During each
following é-round, we open the buffers in a ‘round robin’ fashion. Moregisely, during time interval
6,(5 +1)6), we first open buffeb; for \,, ;o time, then buffem, for \,, ;0 time, and so on. Since
fB is weakly inflow-preservinngz1 Xa;,j < 1 holds and the last buffer is closed again before the end
of this é-round. Figure 1 illustrates how the buffer changes theimaignflow rate of a single bow are.

We show that the buffers are never empty while they are opensiGer bow ara:;. During the
interval [(j — 1) 8,5 ), the flow fZ sendsi\,, ju,, units of flow into bow aras;. This is exactly the
amount of flow that the corresponding bufferis sending out during the succeeding interMai, (J+
1) 5). Hence buffew, is never emptied and, in particular, every unit of flow is gethfor at mosgs = &
time. Note that throughout these maodifications no flow isuted. We only make use of storage in nodes.
Therefore, the cost of ? remains unchanged. a

For§ > 0, a flow over timef? in G? is calledé-restingif, for every nodev € V\{sy,..., s}, all
flow arriving atv is stored there for at leasttime units before it moves on. A weakly inflow-preserving
flow over time f? in G” which isé-resting can easily be interpreted as an inflow-preserving éiver
time f5: Consider a single are € F and its expansiodZ. Applying Lemma 1, the flow over timg?
restricted toE? can be modified to an inflow-preserving flow over time such évatry unit of flow is
delayed by at mosi. The resting property of © makes up for this delay and ensures that every such
flow unit can continue its way on time. Applying Observatigrtt® flow fZ can then be interpreted as
a flow over timef in G with inflow-dependent transit times?).cx.

Corollary 1. Let fZ be a weakly inflow-preserving flow over timed# with time horizori” which isé-
resting. Thenf? can be turned into a flow over timfein G with inflow-dependent transit times?).c
and with the same time horizon and the same cogtadoreover, the flow over timgis given by piece-
wise constant functionsf. ).cz such that the number of breakpointsfofis bounded by |EZ| [T/4].
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4 A (2 + e)-Approximation Algorithm for Quickest Flows

In this section we present a fairly simp( + ¢)-approximation algorithm for the quickest multicom-
modity flow problem with inflow-dependent transit times. Tdigorithm consists of the following three
main steps. First, the original transit times).c  are replaced by lower step functiofs’).cz and the
corresponding bow grap&® is constructed. Then, an appropriately modified versiorhef(2 + ¢)-
approximation algorithm presented in [4] is applied yiefia weakly inflow-preserving flow over time
in GB. Finally, the output is turned into a feasible solution te tiriginal problem.

The bow graphG® is defined in the first step according to step functions firfilithe requirements
stated in the following observation. We will later specifyetparameter§ n > 0 such that the size of the
resulting bow graph is polynomial in the input size dnd.

Observation 4. Letd,n > 0. For every non-negative, non-decreasing, and left-camtirs functionr :
[0,u] — RT, there exists a step functiari : [0,u] — R*, with

(i) 75(z) < 7(z) < (1 +n)73(x) + 4 for everyx € [0, ul,
(i) the number of breakpoints of is bounded bylog; ., (7(u)/0)] + 1.

4.1 (2 + e)-Approximate Quickest Weakly Inflow-Preserving Flows

Fleischer and Skutella [4] propos€ 2+ ¢)-approximation algorithm for the quickest multicommodity
flow problem with bounded cost and constant transit timeg method is based on an approximate
length-bounded static flow computation. The same approactbe applied to the problem of finding a
guickest weakly inflow-preserving multicommodity flow owane with bounded cost in the bow graph.

Let 2 be an optimal solution to this problem with minimal time tzom 7. As suggested in [4], we
consider the static multicommodity flow” in G? which results from averaging the flofi”’ over the
time interval[0,T), i.e.,

1 T
al; = T/ 12.(0) a9 foralla € EP andi € K.
0

As proven in [4], this static flow

(i) satisfies a fraction of /T of the demands covered by the flow over tiffié,
(ii) has coste(z?) = ¢(fP)/T, and
(iii) is T-length-bounded.

The latter property means that the flow of every commodlity X can be decomposed into a sum of
flows ons;-t;-paths such that the lengt{ P) := > 7, of any such pattP is at mostr’. Sincef? is
weakly inflow-preserving, so is?, i.e., itsper capacity flow values, := =2 /u,, a € EP, satisfy

(V) > 4B Aa < 1forevery arce € E.

Any static flowz in G meeting requirements (i) — (iv) can be turned into a weakilpwm-preserving
flow over timeg in G® meeting the same demands at the same cogfasithin time 27": Send flow
into everys;-t;-path P given by the length-bounded path decomposition: at the corresponding flow
ratexzp; for exactly 7" time units; wait for at most anothd&r time units until all flow has arrived at its
destination. Since,(6)/u, is always upper-bounded hy, /u,, it follows from property (iv) thaty is
weakly-inflow preserving. Thug, is a2-approximate solution to the problem under consideration.

Unfortunately, computing th&-length-bounded flow: is NP-hard, even for the special case of a
single commodity [10]. Yet, as discussed in [4], fiidength-bounded multicommaodity flow problem can
be approximated within arbitrary precision in polynomiahté by slightly relaxing the length bourifl.
We generalize this observation to length-bounded, wealgw-preserving flows.
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The primal LP:
min Z Z Ci(P)l'P’i
icK pepl
s.t. > api>diT foralli € K,
pePl
1
3 —<Z 3 mp,i><1 foralle ¢ F,
a,GE'é3 Ua 1EK’PEP;F:
acP
zp; >0 foralli € K,P € PY.
The dual LP:
max Z(dZ/T) Zi — Z Pe
ieK ecE
St > (Pe(a)/ta + cai) > 2 foralli € K,P € P},
a€eP
Ziy, Pe > 0 foralli e K,e € E.

Fig. 2. An LP formulation for the problem of finding a weakly inflowgserving,T-length-bounded static flow.

Let P{ be the set of alk;-t;-paths inG® whose transit times are bounded from abov&b¥inding
a static flow satisfying (i) — (iv) is equivalent to solvingethinear program shown in Figure 2.

Notice that the separation problem for the dual can be faatadlas a length-bounded shortest path
problem: find a shortest;-¢;-path P with respect to the arc weights ,/ua + c..; Whose lengthr(P)
is at mostT', i.e., P € P!. Using exactly the same argument as in [4] the next lemmavisiifrom the
fact that the length-bounded shortest path problem can peximated with arbitrary precision; see,
e.g., [11,17].

Lemma 2. Assume that there exists a weakly inflow-preserving mutioodity flow over time with time
horizonT and cost at most’. Then, for every > 0, a weakly inflow-preserving multicommodity flow
over time with time horizon at mo& + ) T" and cost at most’ can be computed in time polynomial in
the input size and /«.

Lower bounds.If all transit time functionsr, are constant, thé2 + ¢)-approximation algorithm in
Lemma 2 and the one presented in [4] basically coincide. Jineld example is given which shows that
the performance guarantee of both algorithms is not bdtwr2. More precisely, for every: € N, a
k-commodity problem is defined for which the algorithm hadqanance ratiq2k — 1) /k.

The following instance shows that even in the single sowgiogle sink case, the approximation ratio
of the discussed algorithm cannot be better th&h The example consists of a single are- (s,t). The
transit time ofe is 0 if flow is entering at ratec, < 1, and itis1 if flow is entering at rate:, € (1,2]. We
want to sen@ units of flow froms to t as quickly as possible. A quickest weakly inflow-presenfiog
finishes withinT' = 3/2 simply by sending flow at rat during the time interval0, 1/2), and at ratel
during the time intervall/2, 3/2). Note that this flow is even inflow-preserving.

A weakly inflow-preserving flow over timg” which is generated from a path decomposition of a
static flow as described above needs at |@ashe units. To see this, consider the corresponding bow
graphG?® consisting of two parallel aras; andas, wherea; has transit timeé and capacityl, andas
has transit timel and capacity2. Let \; be the per capacity flow rate ¢® ona,. Then, forT > 1, the
flow 7 manages to senth T + 2\o(T — 1) flow units froms to ¢ within time T'. It is easily checked
that fZ needs at least timé = 2 to satisfy the demand.
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4.2 (2 + e)-Approximate Quickest Flows with Inflow-Dependent Transit Times

So far, we have presented an algorithm to compui2-a )-approximate solution to the quickest mul-
ticommodity flow problem in the relaxed model of weakly inflpreserving flows over time. Such a
solution has a simple structure, namely it is generated faopath decomposition of a static flow in
the bow graph. We will use this property to turn such a flow iateolution to the original problem.
Throughout this modification we will make sure that the tinogifon only increases by a small factor.
Let £2 be a weakly inflow-preserving multicommodity flow over timéwtime horizonT'? in G?,

which is generated from a static flaw” as described in the last section. In particuld?, is weakly
inflow-preserving and has a length-bounded path deconipositet P; denote the set of;-t;-paths
from the length-bounded path decompositionc6fand? := Uk_ P;.

Lemma 3. The flow over timef® can be turned into a flow over timgin G with inflow-dependent
transit times(7. )< z and time horizorl’, whereT is bounded from above ky + )72 + 2nd.

Proof. We increase transit times @” in order to emulate the original transit times ). z. For every
arca € EB, let7, := (1 + n)7, + & be the new transit time along Note that this corresponds to
constructing the bow graph according to step functigfiS.c z, where7?(x) := (1 + )75 (z) + ¢ for
everyz € [0,u.]. Consider a pat® € P. The flow f? sends flow at constant ratg into P for a certain
time period. Before increasing transit times, flow travgladong P neededr(P) := . p 7, time to
reach its destination. After the increase, this time goe®u{P) := > . p7s < (1 + n)7(P) + néd.
Sincer(P) is bounded from above by ?, the transit time of every unit of flow increases by at most
nTB + nd.

We repeat this procedure, but this time we increase theittime of every arax € E? by another
additive factor of5. This way, we obtain a weakly inflow-preserving flow over tifff¢ in the bow graph
constructed with respect to transit timgg).c g which isd-resting and whose time horizon is bounded
by (1 +n)T? + 2né. Notice that throughout these modifications no flow is rezdutVe only make use
of storage in nodes. Therefore, the costf&f remains unchanged. Applying Corollary 1, this yields a
flow over time f with inflow-dependent transit timés?).cx in G. Observation 1 implies that can be
interpreted as a flow over time with inflow-dependent tratisies (7. ).cz in G which concludes the
proof. O

We are now ready to state the main result of this section.

Theorem 1. For the quickest multicommodity flow problem with inflow-eleghent transit times and
bounded cost, there exists a polynomial time algorithm,tfatany ¢ > 0, finds a solution of the
same cost as optimal with time horizon at midst « times the optimal time horizof*.

Proof. We can compute in polynomial time a lower bouhdn 7* such thatl < 7% < p(n)kL, for
some polynomiap. Namely, it is proven in [15] that for every commoditya lower boundL; on the
optimal time horizonT; for sending commodity such thatL; < T; < p(n)L; can be computed in
polynomial time. Settind. := max; L; yields the desired bound.

We fix n to /8 andd to eL/(12n). For every arce € E, we pick lower step functions accord-
ing to Observation 4 (i). As already observed in [15], the bemof breakpoints of7} is then in
O(log(n/e)/e) and thus polynomially bounded. The latter is a direct consage of Observation 4 (ii)
and the fact that without loss of generality we can set thadépof every are € F tou, := max{x €
[0, ue]|Te(x) < p(n)kL}. We then construct the bow graght” with respect to these step functions.
Because of the relaxation property@f (see Observation 3), the time horiz&% of a quickest weakly
inflow-preserving flow inG? is a lower bound off™*. If T2 < L, then using Lemma 2 witii" = L
we can compute a weakly inflow-preserving multicommodityflaver time with time horizon at most
(2+¢/4)L < (2+¢/4)T*. OtherwiseL < T" < p(n)kL holds. Using geometric mean binary search
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together with Lemma 2, we can compute a weakly inflow-preésgrmulticommodity flow over time
with time horizonT such thatl’ < (2 + ¢/4)T8 < (2 4+ &/4)T*.

Applying Lemma 3, this flow over time can be turned into a flovelotime f with inflow-dependent
transit times inG. Its time horizon is bounded byt +7)(2+¢/4)T* +2nd = (1+¢/8)(2+¢/4)T* +
e/6L < (2 + ¢)T*. Recall thatf is given by piecewise constant functiof ).cz. Corollary 1 implies
that the number of breakpoints of each such function is idg@éynomial in the input size anfe. O

We have shown in this section thatZ<)-algorithm for the quickest multicommodity flow problem
can be derived using length-bounded static flows in a se@itablv graph. The examples at the end
of Section 4.1 show that the performance ratio of the desdrégdgorithm is not better tha? in the
multicommodity case, and not better th&f8 in the single commodity case.

5 An FPTAS for Quickest Flows

In this section we present an FPTAS for the quickest multiooity flow problem with inflow-depen-
dent transit times and bounded cost. We use ideas similéuetortes employed in [5] for the problem
with fixed transit times. The FPTAS is based on a static weilflgw-preserving flow computation in a
condensed time-expanded bow graph.

5.1 Preliminary Definitions

To state our algorithm and prove its correctness, we defiadafowing three bow graphs, which are
derived fromG = (V, E) with transit time functionsr.).cg, given a time horizoril” and a small
constant > 0.

— G': thelower bow graplis constructed from the lower step functionsz) := | 7.(z)/A| A, fore €
E, z € [0,u.], whereA := 2T /n (we always assume thay/s? is integral such thaf” is a multiple
of A). Thatis,.(x) is rounded down to the nearest multipledf By choice ofA, the size ofG! is
polynomially bounded since we can delete all arcs with ftdimses greater thafi'.

— G1: theupper bow graplis constructed frond*! by lengthening the transit time of each arcyThe
corresponding transit time step functions are giverri(yt) = Tel(x) + A, foree€ E, z € [0, u].

— G11: the2A-lengthened bow grapis constructed analogously @ except that the transit times are
lengthened bR A, i.e., 7! (2) := 7t (z) + 24, fore € E, z € [0, ue).

Let thefan graphG*T = (VI EF') be theA-condensed time-expansion@f ' for time horizonT (see
Section 2.3). Each akc= (v,w) € E is represented in the bow gragh! by its expansiorE! . Thus,
the fan graph contains, for each tiies S := {0, A,...,T — A}, a ‘fan’ of arcs

EF(9) == {a(9) |ac Bl', 947 €5} .

wherea(d) = (v(d),w(d + 7i!)). Furthermore, there ateoldover arcs(v(6), v(8 + A)) of infinite
capacity to simulate intermediate storage at nodes, farall/.

For a static flowr in G andéd € S, we define),(0) := Ta(h)/Ua(s) tO b€ the per capacity inflow
value on ara:(f) € EF. With these definitions, the concept of weakly inflow-preseg flows directly
carries over to static flows in G¥', i.e., z is weakly inflow-preserving if

D> () <1 foralle € F andd € S. (4)

aEEgT

Moreover, the problem of computing a weakly inflow-presegvstatic flow inG*" can easily be formu-
lated as a linear program. Take a standard network flow fatiom and add extra constraints (4). In par-
ticular, such a flow can be computed in polynomial time. Nbot tany weakly inflow-preservingtatic
flow in G corresponds to a weakly inflow-preservifigw over timein G17, and vice versa (cf. Sec-
tion 2.3).
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5.2 The Algorithm and its Running Time

Let 7 denote the time horizon of a quickest flow with inflow-depearideansit times inG. We can now
give an overview of our algorithm which yields a flow over timih time horizon at mostl + O(¢))T™,
for any givens > 0. In the following, letT := (1 + 6¢)T*.

FPTAS

1. Guesd such thafl’ < T < (1 + ¢)T holds (binary search).

2. Construct the fan grapfi?’ with respect td’. Compute a weakly inflow-preservirsgaticmulticom-
modity flow in G¥" satisfying all demands at cost bounded by the budget

3. Interpret this static flow as a weakly inflow-preservitgy over timein G'1. Modify this flow to
make it inflow-preserving ir’'and, from this, derive a flow over time i with inflow-dependent
transit times and time horizon at mdst

We proceed as follows: First we discuss issues related tatiméng time of the algorithm and detail
how step 3 is implemented. Then, in Section 5.3, we provedtsatic flow inG* with the properties
claimed in step 2 actually exists.

Using the(2 + ¢)-approximation from Section 4, one can obtain upper and idwends ol =
(1+ 6¢)T™* within a constant factor of each other. Thus, the estirfiatan be found withirO(log(1/¢))
geometric mean binary search steps. The fan gépltonstructed in step 2 contaings? time layers
and thusn? /2 nodes and)(mn?/e*) arcs. Therefore, the static flow iG" can be computed in time
polynomial inn, m, and1/s. We now go into the details of step 3. As mentioned beforeyjmeting the
static flow inG*" as a weakly inflow-preserving flow over time @' ' is done in the canonical way, as
described in Section 2.3. If we now shorten all arc&/of by A (which gives bow grapld!), we obtain
a weakly inflow-preserving flow over time @' which is A-resting. Applying Corollary 1, we derive an
inflow-preserving flow over time i;T. Finally, by Observation 1, we get a flow over timeGhwith
inflow-dependent transit timgs, ).cz With time horizon at most” = (1 + O(¢g))T™*. Clearly, step 3
can also be done in time polynomial+n m, and1/e. This concludes the discussion of the algorithm’s
running time.

5.3 Analysis of the Algorithm

In this section we prove that our algorithm actually is an ABTy showing that a feasible flow as
claimed in step 2 exists. Without loss of generality, we cssuae in the remainder of this section that
T = T = (1 + 6¢)T*; notice that the topology of the fan gragif’ does not depend on the exact
choice ofT" and that its arc capacities only increase with increaginyloreover, for technical reasons
we assume that < 1/6 in the following.

We transform a quickest flow i& with inflow-dependent transit times into a weakly inflow-gee
ving static flow inG¥" without increasing cost. This transformation is done inesavsteps which are
illustrated in the following diagram. The cost of the flow r@ms unchanged in all three steps.

infl.-dep.flow | [ |infl.-pres.flow | 7] weaklyinfl.-pres. (] weakly infl.-pres
overtimein | _— | overtime — flow over time — staticflow in

G, time in G*, time in GT, time GF  time
horizonT™ horizonT* horizon< T’ horizon< T'

With Observation 3, stefl is easy to see. For stép, the flow over time inG'! is interpreted as a static
flow in Gf' as described in Section 2.3. As discussed above, since thevier time inG1' is weakly
inflow-preserving, the static flow i is weakly inflow-preserving, too.

® Note that each fan contains at magt? arcs, potentially one for each layer@f", and each of the arcs inE inducesn /e
fans.
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StepO is the most interesting but also the most intricate one. Bygtlegening the arcs, the flow might
not remain feasible. This problem is overcome similarly8plly carefully averaging flow to derive an
‘almost feasible’ flow, then subsequently sending less tminba feasible flow and finally increasing
the time horizon to meet the demands. However, in contrafi]i@mur flows must have the additional
property of being weakly inflow-preserving. The proof of L5 provides a more detailed discussion
of transformatioril, in which we stress why this property is preserved.

We first state a slight generalization of a lemma in [5]. Itrpi#gs to modify a feasible inflow-
preserving flow such that the total amount of flow sent throtighnetwork is increased by a factor
of 1 + §. Hereby, the time horizon and cost are increased by the sacte.f

Lemma4. Lets > 0. Given a (weakly) inflow-preserving flow over tirfien a bow graphG? with
time horizonT satisfying demandsd; with a budgetC, there exists a (weakly) inflow-preserving flow
over timef’ in G® which satisfies demand¥ := (1 + d)d; within timeT" := (1 + )T, and at cost
C' = (1+9)C.

Proof. Simply scale time by a factar + 4, i.e., define a flowf’(0) := f(8/(1 + ¢)). It is easy to see
that f” has the desired properties. O

Lemma 5 resumes what happens in step

Lemma 5. A weakly inflow-preserving flow over tinfein G with time horizor™ can be transformed
into a weakly inflow-preserving flow over time i@'" with time horizon at most’ = (1 + 6¢)7T* and
the same cost ag.

Proof. In f, every infinitesimal unit of flow describes a simpfth P in G! and a 'delay configuration’
atthe nodes aP. That s, if P is given by nodesuvy, v1, . . . , v4), then a vector of non-negative delays-
(01,...,94—1) specifies the amount of tim# for which the infinitesimal unit of flow is stored at nodg
before it continues towards node, ;. Let P? denote the patt® with delay vectow. Then, the flow over
time f can be decomposed into flows over tiffies on pathsP?. As suggested in [5], we average the
flow along each patt’ and thereby define a new flow over tinfie
. 1 [
fps(0) = — fps(&) d€ foro € [0, 7" +cT). (5)
eT O0—cT

The new flowf has time horizon at mo§t* + T < (1 + 2¢) T*. Itis easy to check that satisfies all
demands, has the same costfasnd obeys capacity and flow conservation constraints'inWe now
interpret the flowf as a flow over time in the A-lengthened bow graghl! . Since it is defined in (5) by
flows into pathsP?, flow conservation still holds. However, with the new tranishes ) = 74 + 2A
fora € E! (= E'), the flow f is not necessarily weakly inflow-preserving anymore. Irt,faanight
even violate capacity constraints. The reason is that flodiff@rent paths using the same arc will, in
general, experience different delays such that congestight occur on that arc. Nevertheless, we will
show that a simple rescaling gfresults in a feasible weakly inflow-preserving flow over timez'!
that satisfies all demands at the same cogt as

Note that every pattP® is simple, and therefore contains at mast 1 arcs. By definition ofA,
every pathP? is lengthened by at most2A < 227 in G'! compared taG'. Thus the time horizon
of fin G'1is bounded by1 + 2¢) T* + 2e2 T < (1 + 3¢) T*.

Consider a pattP’ of the path decomposition df, i.e., P’ is given by a pathP? = (vg, v1, . .. ,Vq)
in G and a delay vectar. Fora := (vg,ve11) € P, we define

V4
Tl(Péva’) = Z(T(lvjfwj)—kaj)

J=1

5 Notice that cycles can be avoided by storing flow at intermediodes.
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to be the transit time with delay of the subpatt(vg, v1, ..., v¢) in G*. Similarly, 77(P°,a) denotes
the transit time with delay of this subpath irG'". The flow in f entering ara: in G'! at time# can be
computed as follows:

fa0) = > fps(0—711(P,a)) foralla € E'. (6)

Pd:acP

With this expression for the inflow rates, we now aim at bongdihe extent by which the weakly
inflow preserving property is violated, i.e., how large thensof the per capacity inflow valués, () for

a € El" actually is. Applyingr!(P%,a) < r11(P%,a) < 7H(P%,a) + 2¢2 T (every path is lengthened
by at mostn 2A < 2¢2 T'), we obtain the following bound:

Z 5‘a(a) = Z fa(e)/ua

acE acElN

QS S s (0-71(P, ) fua

acE}T P%:aeP
6—711(P% a)

& Z > | £ (€) /e de

T11(P%,a)—eT

YD / Fps (€) 1a dE

aeETT poaep 0T (PP a)=2e2T—T

0
_ ELT SN X fes( - P a) fua de

—9e27—
0—2e2T ETaEEgTP‘; .acP

1 6
=n (6) / Z fa /ua dg
0—2e2T—€T

ETT

IN

1 6

— 1de = 1426 .
el Jo—oe2r—cr

Dividing f by (1+2¢) thus yields a feasible weakly inflow-preserving flow overdimG'' that satisfies

a fraction of1/(1 + 2¢) of all demands at cost at mo§t/(1 + 2¢). By Lemma 4, a weakly inflow-
preserving flow over time satisfying all demands can be obthby increasing the time horizon by a
factor of (1 4 2¢), yielding a time horizon of at mogt + 2¢) - (1 4 3¢) T* < (1 4 6¢) T*. The cost of
this flow is equal to the cost of. O

The following theorem comprises the main result of thisisect

Theorem 2. There is an FPTAS for the quickest multicommodity flow probhgth inflow-dependent
transit times and bounded cost.

6 Complexity

In this section we prove the following result on the compiexif the quickests-t-flow problem with
inflow-dependent transit times.

Theorem 3. The quickest-t-flow problem with inflow-dependent transit times, with otheut storage
of flow at intermediate nodes, is NP-hard in the strong sense.

The proof uses a reduction from the well-known NP-completdiem 3-PARTITION.
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Fig. 3. Reduction of the problem 3-PARTITION to art-flow over time problem with inflow-dependent transit times.

3-PARTITION

Given: A set of 3n items with associated sizés, . .., b3, € N, aboundB € N, such that each
b; satisfiesB/4 < b; < B/2 and such thap_>", b; = nB.

Question: Can {1,...,3n} be partitioned inton disjoint sets/y,..., I, such that, forj €
{1,...,n}, Zie[,- b; = B.

Given an instance of 3-PARTITION, we construct a networkhwiitflow-dependent transit times as
shown in Figure 3.

Each itemp; is represented by a nodsg, each index sef; is represented by a nods. The capacities
are defined as follows.

u((s,v5)) :=nb; + 1, u((vs, wy)) == by + 1, u((wj,t)) == (n+1)B + 3,

We define inflow-dependent transit times (@, w;) as

T(n. NT) =
(vi,w;) 1 else.

All other arcs in the network have transit time zero. The fagk sendD := 2n2B + 3n units of flow
fromstot.

Lemma 6. If the underlying instance of 3-PARTITION is a 'yes'-ingtanthen there exists asnt-flow
over time with inflow-dependent transit times which seéads3+3n units of flow froms to ¢ in timeT" :=
2 without using storage of flow at intermediate nodes.

Proof. Given a partitionly, ..., I, of {1,...,3n} such that, forj € {1,...,n}, Zidj b; = B, we
define a flow over time with inflow-dependent transit times@®ws. During the time interval0, 1)
we send flow at constant raté; + 1 into arc(s,v;), for every: € {1,...,3n}. This flow is sent on
to the nodesu, . .., w, according to the following rule. We set the flow rate of &g w;) to b; + 1,

if ¢ € I;, and tob;, otherwise. During the time intervél, 2) we send flow at constant rateé; into arc
(s,v;), for everyi € {1,...,3n}, and define the flow rate into afe;, w;),j = 1,...,n, to beb;. With
these definitions, it is easy to see that at every point in flow is entering a node;,j = 1,...,n, at
rate bounded byn + 1) B + 3. Thus it can be sent immediately onttasing the ar¢w;, t). Obviously,
flow conservation holds at every point in time and no storagiatermediate nodes is used. Moreover,
all 2n? B + 3n units of flow arrive int before time2. O
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It remains to show that the existence of a flow over tifhavith inflow-dependent transit times
of value D with time horizon at mos® yields a feasible solution to the underlying instance of 3-
PARTITION. To do this, we need to make the following reasdeassumption orf: all flow rate func-
tions are essentially continuous, i.e., on every@aaf the given network we require that the flow rate
function f,, has at most finitely many discontinuities.

In f, we color every (infinitesimal) unit of flow either red or gnedf it enters the network before
time 1, itis colored red, else it is colored green. We denote theesponding flows by and f9.

Claim. for everyf € [0, 1), the following properties hold:
G
/ flswn(T)dT = 0 (nb; +1) foralli e {1,...,3n}, @)
0 'Y

146
/1 52, (T dr = O, forallie {1,....3n},j € {1,....n}. (8
Proof. After time 1 flow can enter an ar¢v;, w;) at rate at mosb; since, otherwise, it cannot reach
before time2. Thus, in total, at most?B units of green flow can be sent toThen, in order to satisfy
the deman@n?B + 3n, at least:? B + 3n units of red flow must leave. Since the capacity of ar@, v;)

is bounded byb; + 1, fori € {1,...3n}, atmosty_>", (nb; + 1) = n®B + 3n units of red flow can be
sent in total. Hence, exacth? B + 3n units of red flow and exactly? B units of green flow must travel
from s tot. As a consequence, (7) and (8) must hold. O

Consider a node;, i € {1,...,3n}. If flow is entering an ar¢v;,w;), j € {1,...,n}, at rate at
mostb;, this flow arrives inw; instantaneously. Otherwise, this flow needs one unit of toneachw;
and is thereforelelayed We now investigate how much red flow is delayed for each ngde

Claim. For alli € {1,...,3n}, the following properties hold:

1. Atleastb; + 1 units of red flow passing through are delayed.
2. If exactlyb; +1 units of red flow passing through are delayed, then at almost eveppintd < [0, 1)
ftoi0;)(0) € {bis b; + 1}, forall j € {1,...,n}.

(vi,w;

Proof. Fix i € {1,...,3n}. At mostnb; units of red flow can be sent out of instantaneously during
[0,1) by setting the flow rate of every afe;, w;), j = 1,...,n, to the threshold valug; during time
interval [0, 1). By (7), at least one additional unit of red “excess” flow habke sent out of; by exceeding
this threshold value on some of the afes w;), j = 1,...,n. For every ar§v;, w;), j = 1,...,n, let

5](9) = f(vi,wj)(g) - bz if f(vi’w-j)(G) > bi,
0 otherwise,

denote theexcess ratef arc (v;, w;), theny="_, fol 9;(6)dé > 1 must hold. Sincé® < §;(¢) < 1 at
every point in timed € [0,1),

b; + (%(9) > (bl + 1)5]'(9) . (9)
Whenever the excess raig(f) is strictly greater than zero, not only the excess flow is yia but

all flow entering the ar¢v;, w;) at timef. We conclude that the total amount of delayed flow can be
lower-bounded as follows:

n ©) n 1

" the subset 0f0, 1) where the property fails has Lebesgue-measure zero.
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This proves the first statement of the claim.

To prove the second statement, assume that extaetly units of red flow are delayed. In a first step,
we prove that at almost every poifite [0,1), the excess raté;(f) is either0 or 1. By contradiction,
assume that there exists= {1...n} for which the property fails; le® := {§ € [0,1) : 0 < §;(0) <
1}. Forallo € ©, the inequality in (9) is strict. Sincf,, .,;) has only a finite number of discontinuities,
so does);. Hence© contains a small interval wherg is continuous and so the first inequality in (10)
must be strict, too. Thus, more than+ 1 units of flow are delayed leading to a contradiction. We
conclude that at almost every point in time, for ak {1,...,n}, eitherf(’"%wj)(a) < b; (if 6;(0) = 0)
or f(’"%wj)(e) = b; + 1 (if 0;(0) = 1). Next assume that there exigts= {1...n} for which there is a
set with Lebesgue-measure greater than zero Wff%r,%j) is strictly less tham;. Then, the excess flow

2;;1 fol 9;(0)d6 has to be strictly greater than implying that the second inequality in (10) is strict.
Again, more tharb; + 1 units of flow are delayed leading to a contradiction. Thisvpmthe second

statement. 0
Claim. Foralli € {1,...,3n}, exactlyb;+ 1 units of red flow passing through are delayed. Moreover,
all arcs(wj, t), j =1,...,n, are completely filled with green flow and delayed red flow aigfi, 2).
Proof. It follows from (8) thatnB units of green flow must travel via the ar@s;,t), j € {1,...,n}.
Thus, due to capacity constraints, during the intefva®) at most anothen B + 3n units of delayed
red flow can pass through all of the ar@s;,t), j = 1,...,n. It then follows from the first statement
in Claim 6 that, for ali € {1,...,3n}, exactlyb; + 1 units of red flow passing through are delayed
and all arcs(w;,t), 7 = 1,...,n, are completely filled with green flow and delayed red flow dgrin
[1,2). O

Lemma 7. If an s-t-flow over timef with inflow-dependent transit times exists which seids 2n> B+
3n units of flow froms to ¢ in time T := 2, then the underlying instance of 3-PARTITION is a 'yes'-
instance.

Proof. Pick a non-empty interva0, 1) during which all flow rate functiong,, ,,,) are continuous. By
Claim 6 and the second part of Claim 6, each of these flow ratest be constant, eithér or b; + 1.
Claim (7) together with flow conservation implies that, fachi € {1,...,3n}, at most one arc leaving
v; has a flow rate ob; + 1 during (0, 1). We define partition sets as follows: for glle {1,...,n} let
I; be the set of items; for which f(,, .,;)(#) = b; + 1 during (0, 1). Notice that no item is contained in
more than one partition set. We claim that each partitiod seatisfies) ;. ; b; = B. If not, there exists
j€{l,...,n}such thatzl.elj b; < B. Then, less thap(B + 3) units of delayed red flow arrive iw;
during (1,1 + 1). Again, by (8), at most anothesm 5B units of green flow arrive im; during (1,1 + )
contradicting Claim 6. This concludes the proof of Lemmad@ &heorem 3. O
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