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Abstract. Given a set of connection requests (calls) in a communication network,
the call control problem is to accept a subset of the requests and route them along
paths in the network such that no edge capacity is violated, with the goal of reject-
ing as few requests as possible. We investigate the complexity of parameterized
versions of this problem, where the number of rejected requests is taken as the pa-
rameter. For the variant with pre-determined paths, the problem is fixed-parameter
tractable in arbitrary graphs if the link capacities are bounded by a constant, but
W[2]-hard if the link capacities are arbitrary. If the paths are not pre-determined,
no FPT algorithm can exist even in series-parallel graphs unlessP = NP. Our
main results are new FPT algorithms for call control in tree networks with arbitrary
edge capacities and in trees of rings with unit edge capacities in the case that the
paths are not pre-determined.

1 Introduction

Given a set of connection requests in a communication network, call admission control
is the problem of determining which of the requests can be accepted without exceeding
the capacity of the network. The goal is to maximize the number of accepted requests or,
equivalently, to minimize the number of rejected requests. In [2], Blum et al. argue that,
when considering approximation algorithms, it is meaningful to consider the number of
rejected requests as optimization criterion, because the number of rejected requests is
expected to be small in practice due to overprovisioning of network resources.

In this paper, we consider call admission control from the viewpoint of parameter-
ized complexity [7]. Roughly speaking, the approach of parameterized complexity is to
capture a part of the input or output of anNP-hard problem by aparameter, usually
denoted byk. Then one tries to find afixed-parameter tractable (FPT) algorithm for
the problem, i.e., an algorithm with running-timeO(f(k) · poly(n)), wheref(k) is an
arbitrary function of the parameter andpoly(n) is a polynomial function of the input
sizen. If such an algorithm exists, this means that there is a good hope of solving large
instances of the problem efficiently provided that the value of the parameterk is small.
Thus, the so-calledcombinatorial explosion that is typical forNP-hard problems can
be restricted to the parameter.
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Motivated by the arguments given above, we consider a parameterized version of the
call admission control problem and take the number of rejected requests as the parameter.
We investigate different variants of the problem with respect to the network topology,
the link capacities, and the existence of pre-determined routes for the requests.

Preliminaries. In the undirected version of the problem, the communication network
is modeled as an undirected graphG = (V,E) with edge capacitiesc : E → IN.
Connection requests are represented by pairs of nodes.Accepting a request(u, v) requires
reserving one unit of bandwidth on all edges along a path fromu to v. A set of paths
is feasible if no edgee ∈ E is contained in more thanc(e) paths. For a given setP of
paths in a graph with edge capacities, an edgee is calledviolated (by P ) if the number
of paths inP that containe is greater thanc(e). We say that a pathp in P contains a
maximal set of violated edges if there is no other pathq in P such that the set of violated
edges inp is a strict subset of the set of violated edges inq.

The basic call admission control problem can now be defined as follows.
CallControl: Given a set R of requests in an undirected graph G = (V,E) and

a capacity function c : E → IN, compute a subset A ⊆ R and assign a path to each
request in A such that the resulting set of paths is feasible. The goal is to minimize the
number |R \A| of rejected paths.

CallControl is NP-hard even in undirected trees with edge capacities 1 or 2 [10]
and in trees of rings with unit edge capacities [8]. Note that in the case of unit edge
capacities, all accepted requests must be routed along edge-disjoint paths.

We introduce the following parameterized version of the problem:
CallControl-k: Given a set R of requests in an undirected graph G = (V,E),

a capacity function c : E → IN, and an integer k ≥ 0, compute a subset A ⊆ R and
assign a path to each request in A such that the resulting set of paths is feasible and at
most k requests are rejected, or decide that no such subset exists.

There are several interesting variations of the call control problem. First, it is some-
times the case that the assignment of paths to requests cannot be determined by the
algorithm, but is pre-determined by other constraints (such as routing protocols). In
this case, an instance of the problem includes, for every requestr = (u, v), an undi-
rected pathpr from u to v. If r is accepted, it must be routed alongpr. We denote
this variant ofCallControl by CallControlPre and its parameterized version by
CallControlPre-k.

Sometimes it is meaningful to model the communication network as adirected graph
G = (V,E). In this case, we assume that a request(u, v) asks for adirected path from
u to v in G. A special case of directed graphs are thebidirected graphs, i.e., graphs that
can be obtained from an undirected graph by replacing each undirected edge with two
directed edges of opposite directions. Therefore, we use terms like “CallControl in
bidirected trees of rings” to specify a concrete variant of the problem.

We always use|I| to denote the size of a given instance of a call control problem. An
algorithm for a parameterized call control problem is anFPT algorithm if its running-
time is bounded byO(f(k) · poly(|I|)) for some functionf .

Specific network topologies that we consider are chains (graphs consisting of a
single path), rings (graphs consisting of a single cycle with at least three nodes), trees
(connected, acyclic graphs) and trees of rings, as well as their bidirected versions. An
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undirected graph is atree of rings if it can be obtained by starting with a ring and then,
repeatedly, adding a disjoint ring to the graph and then identifying one node of the new
ring with an arbitrary node of the existing graph.

A standard technique in the tool-box of parameterized complexity is the method of
bounded search trees [7]. This technique tackles a problem by searching for a solution
in a search tree whose size (number of nodes) is bounded by a function of the parameter
only, for example,2k. If the work at each node of the search tree is polynomial in the
size of the instance, an FPT algorithm is obtained.

This technique lends itself nicely to the parameterized call control problem: If we try
to find a solution that rejects at mostk requests, we identify a small setRrej of rejection
candidates. This set must have the property that, if a solution rejecting at mostk requests
exists at all, then there exists a solution rejecting at mostk requests that rejects at least
one request inRrej. Thus we can branch for each requestr ∈ Rrej and check recursively
whether the setR\{r} admits a solution rejecting at mostk−1 requests. If the resulting
search tree is explored up to depthk and no solution is found, we know that no solution
rejecting at mostk requests can exist.

We will apply the technique of bounded search trees in order to obtain FPT algorithms
for parameterized call control problems. The interesting part of each FPT algorithm will
be how a setRrej of rejection candidates can be identified and how its size can be proved
to be bounded by a constant or by a function ofk.

Our Results. In Sect. 2, we give FPT results and hardness results of parameterized call
control problems that follow easily from existing results:CallControlPre-k is FPT
in general graphs provided that the edge capacities are bounded by a constant. If the
edge capacities can be arbitrary,CallControlPre-k containsHittingSet as a special
case and is thus W[2]-hard.CallControl-k is NP-hard even fork = 0 and unit
edge capacities, implying that there cannot be an FPT algorithm unlessP = NP. These
results apply to undirected and bidirected graphs. Our main results are given in Sections 3
and 4. In Sect. 3, we devise an FPT algorithm forCallControl-k in trees with arbitrary
edge capacities. In Sect. 4, we present an FPT algorithm forCallControl-k in trees
of rings with unit edge capacities. Finally, we draw our conclusions in Sect. 5.

Previous Work on Call Control Algorithms. We are not aware of any previous work
on parameterized versions of call control problems. Previous work on call admission
control has focused on on-line algorithms (that receive the connection requests over
time and must accept or reject each request without knowledge about the future) and
approximation algorithms. In most of this work, the number of accepted requests has
been used as the objective function. A survey of known results on on-line call control
algorithms can be found in the book by Borodin and El-Yaniv [4, Chapter 13].

However, call control problems are not only interesting in the on-line scenario. A
number of researchers have studied off-line approximation algorithms for the maximum
edge-disjoint paths problem (MEDP), i.e.,CallControl with unit edge capacities and
with the number of accepted requests as the objective function. The problem is polyno-
mial for chains, rings, and undirected trees. Constant-factor approximation algorithms
have been found for bidirected trees [9], trees of rings [8], and a class of graphs in-
cluding two-dimensional meshes [13]. For general directed graphs withm edges, it is
known that no approximation algorithm can achieve ratioO(m

1
2 −ε) for any ε > 0
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unlessP = NP [11]. Approximation algorithms with ratioO(
√
m) have been found

for MEDP [12] and also for its generalization to arbitrary edge capacities, bandwidth
requirements and profit values associated with the requests, the unsplittable flow prob-
lem [1] (the ratio increases by a logarithmic factor if the largest bandwidth requirement
can exceed the smallest edge capacity). We point out that, unlike the unsplittable flow
problem, all requests have the same bandwidth requirement in our definition of the call
control problem.

On-line algorithms and approximation algorithms forCallControlPre with the
number of rejected requests as objective function were studied by Blum et al. [2]. They
observed that, in the case of unit edge capacities, this problem is a special case ofVertex-
Cover. Concerning on-line algorithms, they gave a2-competitive algorithm for chains
with arbitrary capacities, a(c + 1)-competitive algorithm for arbitrary networks with
capacities bounded byc, and anO(

√
m)-competitive algorithm for arbitrary networks

with m edges and arbitrary edge capacities. Their algorithms are allowed to preempt
(reject) requests that have been accepted earlier. Furthermore, they presented an off-line
O(logm)-approximation algorithm for arbitrary graphs and arbitrary edge capacities.

2 General Networks

First, let us consider the problemCallControlPre-k for networks with unit edge
capacities, i.e.,c(e) = 1 for all e ∈ E. A set of accepted paths is feasible if and only
if the paths are pairwise edge-disjoint. Theconflict graph of a given setP of paths is
the graphH = (P,E′) with a vertex for each path inP and an edge between two
vertices if the corresponding paths share an edge. Then, any feasible subsetA ⊆ P is
an independent set inH, and its complementP \A is a vertex cover inH, i.e., a subset
of the vertices such that each edge has at least one endpoint in the subset.

Therefore, checking whether there exists a feasible solution that rejects at mostk
paths is equivalent to determining whetherH contains a vertex cover of size at most
k. The vertex cover problem is well known to be FPT [7]; the best known algorithm
so far has running timeO(kn + 1.271kk2) for deciding whether a graph onn nodes
has a vertex cover of size at mostk [6]. Thus,CallControlPre-k is FPT for arbitrary
graphs with unit edge capacities.

Now assume that the edge capacities are bounded by a constantc. If a set of paths
violates some edgee, then we can obtain a setPrej of rejection candidates by taking
an arbitrary set ofc(e) + 1 paths containinge. Thus we obtain a search tree of depth
k and branching degree at mostc + 1. The size of this tree isO((c + 1)k). The task
to be carried out at each node of the search tree is determining whether there exists a
violated edgee and, if so, pickingc(e) + 1 paths throughe to obtain the setPrej. This
can easily be done in polynomial time. Hence, there is an algorithm with running-time
O((c + 1)k · poly(|I|)) for CallControlPre-k in arbitrary graphs provided that all
edge capacities are bounded by the constantc. This discussion leads to the following
proposition.

Proposition 1. CallControlPre-k is fixed-parameter tractable for arbitrary directed
or undirected graphs if the edge capacities are bounded by a constant.
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Proposition 1 leaves open the cases where the edge capacities can be arbitrarily large
and/or the paths are to be determined by the algorithm. We show that these cases are
unlikely to be FPT for arbitrary graphs. Our hardness results apply even to series-parallel
graphs, a very restricted subclass of planar graphs with treewidth at most two [3].

Proposition 2. If the edge capacities can be arbitrarily large, CallControlPre-k is
W [2]-hard even for series-parallel graphs.

Hardness forW [t] for somet ≥ 1 is considered strong evidence that a problem is not
FPT [7]. The proof of Proposition 2, which is omitted due to lack of space, shows that
HittingSet-k is a special case ofCallControlPre-k. An instance ofHittingSet-k
consists of a familyS = {S1, . . . , Sm} of subsets of a ground setU = {1, 2, . . . , n} and
a parameterk. The problem is to determine whether there is a subsetT ⊆ U , |T | ≤ k,
such thatT “hits” all sets inS, i.e.,T ∩ Si �= ∅ for all 1 ≤ i ≤ m. HittingSet-k is
W[2]-complete [7].

If a problem is FPT, this implies that the problem is polynomial for each fixed value
of the parameterk. Therefore, the following proposition shows thatCallControl-k is
very unlikely to be FPT even for series-parallel graphs.

Proposition 3. CallControl-k is NP-hard for k = 0 in series-parallel graphs with
unit edge capacities.

Proof. For k = 0, the problemCallControl-k with unit edge capacities reduces to
checking whetherall requests can be accepted and routed along edge-disjoint paths. This
edge-disjoint paths problem has been proved to beNP-hard for series-parallel graphs
by Nishizeki, Vygen and Zhou [15]. ��

In order to get FPT results not covered by Proposition 1, we must allow arbitrary
capacities or arbitrary (not pre-determined) paths. In view of Propositions 2 and 3,
however, we have to restrict the class of graphs that we allow as network topologies.
Therefore, we considerCallControl-k in tree networks with arbitrary edge capacities
andCallControl-k in trees of rings with unit edge capacities.

3 Trees with Arbitrary Capacities

In this section, we develop FPT algorithms for trees with arbitrary edge capacities. First,
we discuss the algorithm for undirected trees in detail. Then we explain how the result
can be adapted to bidirected trees. Note thatCallControl andCallControlPre are
equivalent in trees, because paths are uniquely determined by their endpoints.

We remark thatCallControl can be solved optimally in polynomial time for chain
networks (using techniques of [5]) and for undirected trees with unit edge capacities,
but isNP-hard for trees already if edge capacities in{1, 2} are allowed [10].

The Undirected Case. Let an instance ofCallControl-k in trees be given by an
undirected treeT = (V,E) with edge capacitiesc : E → IN, a setP of paths in the tree,
and an integer parameterk ≥ 0. Consider the tree to be rooted at an arbitrary node. If
k = 0, the problem reduces to checking whether the setP is feasible, which can be done
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Fig. 2. The bidirected case.

efficiently. So we assume from now on thatk > 0. If there is no violated edge, answer
YES and outputP as a solution. Otherwise, lete be a violated edge such that there is
no other violated edge in the subtree belowe. In what follows, we refer to such an edge
as abottom-most violated edge. The algorithm determines a setPe of paths containing
edgee such that|Pe| is small enough (more precisely,|Pe| ≤ 2k) to be taken as the set
of rejection candidates for the bounded search tree technique. Then the algorithm can
branch for eachp ∈ Pe and check recursively whether there exists a solution forP \{p}
that rejects at mostk−1 paths. At depthk of the search tree,k paths have been rejected,
and we will have either found a feasible solution or no solution withk or less rejections
exists.

Now we show how the algorithm determines a setPe of rejection candidates satisfy-
ing |Pe| ≤ 2k. Sincee is a violated edge, at least one of the paths inP that containemust
be rejected. Moreover, it is easy to see that there exists a feasible solution that rejects
a path throughe which contains a maximal set of violated edges; given any feasible
solution, we can construct one of the same cardinality and with the desired property by
replacing a non-maximal path with a maximal one. Therefore, the algorithm needs to
consider only paths that contain a maximal set of violated edges as rejection candidates.

Since we consider only one rejection at a time, we can restrict the set of rejection
candidates even further by considering only one representative from each set of paths
that contain the same set of violated edges. So letPe be a set of paths that contain
e satisfying the properties defined above (i.e., each path containing a maximal set of
violated edges, and no two paths containing the same set of violated edges).

For each pathp ∈ Pe, let ep be the violated edge onp that is farthest frome, and let
Ee = {ep | p ∈ Pe} be the set of all such edgesep. (If e is the only violated edge on a
pathp ∈ Pe, we letep = e. This can happen only if|Pe| = 1.) Note that|Ee| = |Pe|.

Lemma 1. No path in P can contain three edges in Ee.

Proof. Assume to the contrary that there is a pathf in P that contains three edges inEe,
say,ep, eq, ander. Without loss of generality, assume thateq is betweenep ander on
f , as shown in Fig. 1. Note thatf cannot containe, because otherwise the pathq would
not contain a maximal set of violated edges.

All three pathsp, q, andr must meetf at the same node, for otherwise we would
have a cycle. Assume that they meetf at a node betweenep andeq. Theneq is contained
in r. Sinceeq is the farthest violated edge inq ande is a bottom-most violated edge,
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pathq does not contain a maximal set of violated edges, a contradiction to the choice
of Pe. The cases where the three pathsp, q, andr meetf in a different node lead to a
contradiction as well. ��
Lemma 2. If there exists a solution to the given instance of CallControl-k that
rejects at most k paths, then there can be at most 2k paths in Pe.

Proof. For every edge inEe, any feasible solution must reject at least one path containing
that edge. Since each path inP can contain at most two edges inEe by Lemma 1, a
feasible solution must reject at least|Ee|/2 = |Pe|/2 paths. Therefore, for a feasible
solution with at mostk rejections to exist, there can be at most2k paths inPe. ��

The depth of the search tree is at mostk. In a node of the search tree wherei paths
are already rejected, the algorithm needs to consider at most2(k − i) branches; by
Lemma 2, if|Pe| > 2(k − i), there cannot be a feasible solution in the subtree below
the current node. Thus the size of the search tree is bounded byO(2kk!). Finding a
bottom-most violated edgee and determining the set of pathsPe can obviously be done
in polynomial time. Thus, the algorithm solves the problemCallControl-k in time
O(2k · k! · poly(|I|)), and we obtain the following theorem.

Theorem 1. There is an FPT algorithm for CallControl-k in undirected tree net-
works with arbitrary edge capacities.

The Bidirected Case. The FPT algorithm for call control in undirected trees can easily be
adapted to bidirected trees, yielding even a better running-time. The algorithm proceeds
as in the undirected case by picking a bottom-most violated edgee (which is now a
directed edge) and determining a setPe of rejection candidates that containe and a
maximal set of violated edges. The setEe is defined as before. Since the paths and edges
are now directed, it is easy to see that no path inP can contain two edges inEe (see
Fig. 2). Therefore, if after rejectingi paths, there are more thank − i paths inPe, there
does not exist a feasible solution in the subtree of the current node of the search tree.
Thus the size of the search tree can now be bounded byO(k!) and the total running time
isO(k! · poly(|I|)).
Theorem 2. There is an FPT algorithm for CallControl-k in bidirected tree networks
with arbitrary edge capacities.

4 Trees of Rings with Unit Capacities

In this section, we present the first FPT results for anNP-hard call control problem
where the paths for the requests must be determined by the algorithm. We restrict the
network topology to be a tree of rings, and we require that all edges have capacity1. We
obtain FPT algorithms for undirected trees of rings and bidirected trees of rings.

The Undirected Case. Let an instance ofCallControl-k in trees of rings with unit
edge capacities be given by an undirected tree of ringsT = (V,E), a setS of connection
requests, and an integer parameterk ≥ 0. The algorithm must determine if there exists
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Fig. 3. A tree of rings.

not parallelparallel parallelparallel

Fig. 4. Chords that are parallel or not parallel.

a subsetS′ ⊆ S such that|S \ S′| ≤ k and the requests inS′ can be routed along
edge-disjoint paths inT . Again, we employ the technique of bounded search trees.

First, let us mention some simple facts about paths in trees of rings (see Fig. 3 for
an example of a tree of rings). For any request(u, v), all undirected paths fromu to v
contain edges of the same rings. For each ring that a path fromu to v passes through
(i.e., contains an edge of that ring), the node at which the path enters the ring (or begins)
and the node at which the path leaves the ring (or terminates) is uniquely determined
by the endpoints of the path. Thus, a request(u, v) in a tree of rings can be viewed as
a combination ofsubrequests in all rings that a path fromu to v passes through. So, a
set of requests can be routed along edge-disjoint paths if and only if all subrequests of
the requests can be routed along edge-disjoint paths in the individual rings of the tree
of rings. Hence, before we tackle the problem in trees of rings, we need to investigate
conditions for a set of requests in a ring being routable along edge-disjoint paths.

LetR be a ring. ImagineR drawn as a circle in the plane, with its nodes distributed
at equal distance along the circle. A (sub)request(u, v) between two nodes inR can
be represented as a straight line segment joiningu andv. We call these line segments
chords and use the termschord andrequest interchangeably if no confusion can arise.
Two chords are said to beparallel if (1) they do not intersect, or (2) they intersect at a
node inR, or (3) they are identical (see Fig. 4). If two chords are parallel then we can
assign edge-disjoint paths to the corresponding requests and these paths are uniquely
determined.

A cut in a ringR is a pair of edges in the ring. A requestcrosses a cut if each of the
two possible paths connecting the endpoints of the request contains exactly one of the
edges in the cut.

Lemma 3. Given a ringR and a set S of requests inR, the requests in S can be routed
along edge-disjoint paths if and only if (i) the chords of the requests in S are pairwise
parallel and (ii) no cut is crossed by three requests.

Proof (sketched). If |S| = 1, the lemma is trivially true. Assume|S| ≥ 2. The “only if”
part is obvious. To prove the “if” part, assume thatS satisfies (i) and (ii). Consider any
two requests(u, v) and(w, x) in S. By (i), they are parallel and can thus be assigned
edge-disjoint pathsp1 andp2 in a unique way. If there is a third request(y, z) in S, one
can show thaty andz must lie in the same chain ofR \ (p1 ∪ p2) and so there is a path
p3 from y to z that is disjoint fromp1 andp2. This argument can be repeated for all
remaining requests, giving a construction of disjoint paths for all requests inS. ��
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With the result of Lemma 3 at our disposal, we are ready to obtain the FPT algorithm
for CallControl-k in trees of rings with unit edge capacities. Ifk = 0, the algorithm
checks if the conditions of Lemma 3 hold for each ring of the tree of rings. If this is
the case, an edge-disjoint routing can be computed efficiently (the proof of Lemma 3
is constructive) and the algorithm answers YES. Otherwise, there is no edge-disjoint
routing and the algorithm answers NO.

Now assume thatk > 0. If the condition of Lemma 3 holds for the subrequests in
each ring of the tree of rings, the answer is YES and an edge-disjoint routing for all
requests is obtained. Otherwise, there are either two subrequests in a ring that are not
parallel, so that at least one of the two must be rejected, or there are three subrequests
crossing a cut in some ring, so that at least one of the three must be rejected. In the former
case, we get a set of two rejection candidates, in the latter case, we have three rejection
candidates. For each requestr in the set of rejection candidates, we check recursively
whether there exists a solution rejecting at mostk−1 requests fromS \{r}. The degree
of any node in the search tree is at most3. Since the depth of the search tree is bounded
by k, the size of the search tree isO(3k). As the conditions of Lemma 3 can be checked
easily in polynomial time at each node of the search tree, we obtain an FPT algorithm
with running-timeO(3k · poly(|I|)).
Theorem 3. There is an FPT algorithm for CallControl-k in undirected trees of
rings with unit edge capacities.

The above discussion shows also thatCallControl-k in undirected trees of rings
with unit edge capacities can be seen as an instance of the problemHittingSet-k in
which each set has cardinality at most3, i.e., of the3-HittingSet-k problem: the ground
setU consists of the requestsS, and the familyS of subsets ofU consists of all sets of
two requests whose subrequests in some ring are not parallel and all sets of three requests
whose subrequests cross a cut in some ring. For3-HittingSet-k, an FPT algorithm with
running-timeO(2.311k + n), wheren is the size of the input, is given in [14]. Thus, by
transforming a given instance ofCallControl-k into an instance of3-HittingSet-k,
we obtain an FPT algorithm forCallControl-k in undirected trees of rings with unit
edge capacities that runs in timeO(2.311k + poly(|I|)).
The Bidirected Case. We turn to bidirected trees of rings. Each accepted request(u, v)
must now be assigned adirected path fromu to v. As in the undirected case, a set of
requests is feasible if and only if all subrequests are feasible in the individual rings.
Consider a setS of (sub)requests in a ring. We proceed by doing a case analysis. In each
case, we either find that all requests can be routed along edge-disjoint paths, or we are
able to identify (in polynomial time) a setSrej of requests such that at least one request
in Srej must be rejected in any feasible solution. The cardinality ofSrej is at most5. The
details of the case analysis are omitted due to lack of space. We can perform this case
analysis for the subrequests of all requests in each individual ring of the tree of rings.
Thus, we can apply the bounded search tree technique and get an FPT algorithm for
CallControl-k in bidirected trees of rings with unit edge capacities. The size of the
search tree can be bounded byO(5k), so the running-time isO(5k · poly(|I|)).
Theorem 4. There is an FPT algorithm for CallControl-k in bidirected trees of rings
with unit edge capacities.
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5 Conclusion

We have considered parameterized versions of call admission control problems. Since
the number of rejected requests can often be expected to be small in practice, we have
taken this number as the parameter. For arbitrary networks, the problem was shown to
be fixed-parameter tractable if the paths are pre-determined and the edge capacities are
bounded by a constant. If either of these restrictions is removed, it was shown that even
for series-parallel graphs, the existence of FPT algorithms is unlikely. Hence, we studied
trees and trees of rings as network topologies. We gave FPT algorithms for trees with
arbitrary capacities and for trees of rings with unit edge capacities if the paths are not
pre-determined. Both algorithms can be adapted to the bidirected case.
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