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Abstract

Kenyon et al. (STOC 04) compute the distortion between one-dimensional finite point sets when the
distortion is small; Papadimitriou and Safra (SODA 05) showthat the problem is NP-hard to approx-
imate within a factor of 3, albeit in 3 dimensions. We solve anopen problem in these two papers by
demonstrating that, when the distortion is large, it is hardto approximate within large factors, even for
1-dimensional point sets. We also introduce additive distortion, and show that it can be easily approxi-
mated within a factor of two.

1 Introduction

Thedistortion problemis the following: Given twod-dimensional finite points setsS, T ⊆ R
d with |S| =

|T | and a real numberδ ∈ R (thedistortion) is there a bijectionf : S → T such that we haveexpansion(f)·
expansion(f−1) := maxx,y∈S

(

d(f(x),f(y))
d(x,y)

)

· maxx,y∈S

(

d(x,y)
d(f(x),f(y))

)

≤ δ? Hered(x, y) denotes the

Euclidean distance between two pointsx, y ∈ R
d.

The distortion problem was introduced by Kenyon et al. [9], who gave an optimal algorithm for 1-dimen-
sional points sets that are known to have distortion less than 3+2

√
2. Their elaborate dynamic programming

algorithm crucially relies on the small distortion guarantee to establish and exploit certain restrictions on the
bijection between the two point sets. Papadimitriou and Safra [15] present NP-hardness and inapproxima-
bility results, which hold for both small and large distortions—albeit for the3 dimensional case. In both
papers the question of whether the distortion of 1-dimensional point sets can be computed or approximated
if it is not known to be small was proposed as an open problem.

In this paper we resolve this question by establishing several strong NP-hardness and inapproximability
results. In Section 2.1 we show that the distortion problem is NP-hard in the1-dimensional case when the
distortion is at least|S|ε, for anyε > 0. The proof is a surprisingly simple reduction from the (strongly
NP-complete)3-partition problem. By appropriately modifying the proof we show that,in the same range,
even thelogarithmof the distortion cannot be approximated within a factor better than 2 (Theorem 2). This
answers an open question posed in [9]. For larger distortions (growing faster than|S|) we show a further
inapproximability result: The distortion cannot be approximated within a ratio better thanL1−ε

T , whereLT

is the ratio of the largest to the smallest distance in point set T ; we point out that an approximation ratio of
L2

T is always trivial, in any metric space. We make more precise the inapproximability bounds given in [15]
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for 3 dimensions and arbitrary distortion, by making explicit the dependency of the inapproximability ratio
on the magnitude of the distortion. An overview of our inapproximability results:

Dimension Distortion Inapproximable within
|S| ≥ δ ≥ |S|ε δ1−ε′

d ≥ 1 δ ≥ |S|
√

δ · |S| 12−ε′ Thm. 2
δ ≥ |S|1+ε L1−ε′

T

d ≥ 3 δ > 1
√

9 − 8/δ2 − ε′ Thm. 4
unboundedd δ > 1 δ − ε′ Thm. 5

Motivated by these strong inapproximability results, we introduce a novel variant of the problem that we
call theadditive distortion problem:Given two finite points setsS, T ⊆ R

d with |S| = |T |, find the smallest
∆ ∈ R (theadditive distortion) such that there is a bijectionf : S → T with d(x, y)−∆ ≤ d(f(x), f(y)) ≤
d(x, y)+∆, for all x, y ∈ S. By a modification of the Papadimitriou-Safra construction, it is not hard to see
that the additive distortion is NP-hard to approximate by a factor better than 3 in 3 dimensions. In Section 3
we present a 2-approximation algorithm for this problem in the1-dimensional case and a5-approximation
algorithm for the more general case of embedding an arbitrary metric space onto an1-dimensional point set.
Finally, we conclude by pointing out several open questionsraised by this work.

Remark. The first three and the last inapproximability results can bestrengthened by a power of2, if
we impose the stronger restriction ofexpansion(f) ≤

√
δ andexpansion(f−1) ≤

√
δ (which implies a

distortion of≤ δ). In particular the third bound becomesL2−ε′

T , which is near optimal since a ratio ofL2
T is

trivial also in this more restricted setting.

Related Work. Especially in view of the drastic increase in the number of publications concerning embed-
dings of metric spaces, it is astonishing that the low distortion problem was only introduced very recently [9].
Most Computer Science related work in this area focuses on the setting where a given finite metric space is
to be embedded into aninfinite host space, usually a low dimensional Euclidean space. Although methods
from this area do not seem to apply to our setting of embeddinga finite metric onto another finite metric,
we give a brief overview of related work.

From a theoretical point of view there has been a large interest in finding worst case bounds for the distortion
of embedding a class of metrics, e.g. see the surveys [8, 11, 13]. The problem of finding a good embedding
for a given metric (“good” compared to an optimal embedding of this, same metric) is practically more
relevant and consequently the vast majority of research in this area—also referred to as multi-dimensional
scaling—has been on devising good heuristics. See the web-page of the working group on multi-dimensional
scaling [14] for an overview and an extensive list of references. An important theoretical result is Linial
et al.’s [12] adaption of Bourgain’s construction [2]. Theypresent an approximation algorithm based on
semidefinite programming for finding a minimum distortion embedding of a given finite metric. Kleinberg
et al. [10] consider approximate embeddings of metrics for which only a small subset of the distances are
known. Slivkins [16] recently can improve on the results. Also recently Bădoiu et al. [4] give several
approximation algorithms for low distortion embeddings ofmetrics intoR

1 andR
2. The notion ofadditive

distortion has also been considered for the case where a finite metric is to be embedded into an infinite
host space. Håstad et al. [7] give a 2-approximation for thecase of embedding intoR and prove that the
problem cannot be approximated within4/3, unless P = NP. Later Bădoiu [3] and Bădoiu et al. [5] gave an
approximation algorithm and a weakly quasi-polynomial time algorithm, respectively, for 2 dimensions.
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Other research loosely related to the distortion problem ison the minimum bandwidth problem (see e.g. [6])
and the maximum similarity problem [1].

2 The Inapproximability of Distortion

2.1 NP-hardness

Theorem 1. The distortion problem isNP-hard for 1 dimension and any fixedδ ≥ |S|ε, for any constant
ε > 0.

Proof. We reduce the well known3-partition problem to it. In this problem we are given a setA of 3n
itemsA = {1, . . . , 3n} with associated sizesa1, . . . , a3n ∈ N, and a boundB ∈ N, with B/4 < ai <
B/2, for eachi, and

∑3n
i=1 ai = n B, and we must decide whetherA can be partitioned inton disjoint

setsI0, . . . , In−1 such that
∑

i∈Ij
ai = B, for j = 0, . . . , n − 1. Note that due to the bounds for the item

sizesai, all setsIj must have cardinality3.

We now describe how to construct the point setsS andT on the line (see the left part of Figure 1). The point
setS consists of3n blobs of pointsS1, . . . , S3n, where blobSi hasai points. Points in a blob are distributed
regularly along the line with distancex := 1/

√
δ · B from one point to the next. The blobs themselves are

also distributed regularly along the line with distance1 from one to the next, i.e. two neighboring points in
different blobs have distance1. The point setT is very similar: it consists ofn blobsT1, . . . , Tn of sizeB.
Here the distance of neighboring points within a blob is1/

√
B and if they are in different blobs it is again1.

Finally, we add two points to bothS andT , far away from the blobs. Their distance inT is 1 and their
distance inS is

√
δ (clearly the points can be added such that they need to be mapped onto each other in

order to obtain distortion≤ δ). This ensures thatexpansion(f−1) = maxx,y∈S

(

d(x,y)
d(f(x),f(y))

)

≥
√

δ.

1

1

blob T1:

1
√

B

T :

S:

x := 1
√

δB

blob S1:
a1 points

blob S2:
a2 points

blob S3n:
a3n points

blob Sj1 : blob Sj2 : blob Sj3 :

blob Tj :

B points
blob Tn:

B points
blob T2:

B points

Figure 1: Left: the point setsS andT on a line constructed from a given instance of 3-partition. Right: the
mapping of three blobs inS to one blob inT .

Our aim is to show how to derive a low distortion mapping of points fromS to T given a solution of the
3-partition instance and vice versa, assuming thatδ ≥ c ·n2 ·B, for an appropriately chosen constantc > 1.
We start with the forward direction. The mapping is straightforward: we map blobsSj1, Sj2, Sj3 to blobTj

(simply one blob next to the other, as shown in Figure 1 on the right), if Ij = {j1, j2, j3}. In order to see
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that the distortionδ is not violated we check the largest possible changes in distance (relatively speaking)
and show thatexpansion(f) ≤

√
δ andexpansion(f−1) ≤

√
δ hold, leading to three cases:

1. Two neighboring blobsSa andSb are spread as far apart as possible. The distance between twopoints
hereby increases from1 to less than

n ·
(

B · 1√
B

+ 1

)

= n · (
√

B + 1) ≤
√

δ,

under the assumptionδ ≥ c · n2 · B with some constantc, which is chosen large enough.

2. The leftmost and the rightmost blob inS, i.e.S1 andS3n, are mapped next to each other into the same
blob inT . The distance decreases from less thann · (B/

√
δ · B +3) to 1/

√
B. This leads to an upper

bound for the relative distance change of

n ·
(

√

B
δ + 3

)

1√
B

≤ n
√

B

(

1√
c · n + 3

)

≤
√

δ,

again with the assumptionδ ≥ c · n2 · B and some appropriately chosen constantc (which clearly
exists).

3. What about the distance increase for two points in the sameblob? All distances of points within a
blob increase by exactly(1/

√
B)/(1/

√
δ · B) =

√
δ.

For the other direction we only need to check that a blobSi cannot be split up and mapped to two or more
different blobs inT .

4. Two neighboring points in a blob inS cannot be mapped to two different blobs inT . The rela-
tive increase in distance would be1/ 1√

δ·B >
√

δ. Together with the two “extra” points that force

expansion(f−1) ≥
√

δ this would yield a distortion> δ.

This ensures that in a low distortion mapping fromS to T always exactly three blobs fromS will be mapped
to one blob fromT , as wanted.

In order to obtain the nice lower bound forδ we now add a huge blob to both of them which is far away from
all other blobs and whose points are very close to each other.Clearly this can be done in such a manner
that all points in this huge blob inS will be mapped directly to the corresponding huge blob inT ; without
interfering with the mapping of all other points. We startedwith |S| = n ·B points and increase the number
of points in the huge blob until|S|ε > c · n2 · B. Sinceε is a constant the resulting input size will still be
bounded by a polynomial.

2.2 Inapproximability

We now describe how to modify the proof in order to obtain the strong inapproximability results for largeδ.

Let LT :=
maxx,y∈T d(x,y)
minx,y∈T d(x,y) be the ratio of maximum to minimum distance inT .
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Theorem 2. For anyε, ε′ > 0, the1-dimensional distortion problem for|S| ≥ δ ≥ |S|ε is inapproximable

within a factor ofδ1−ε′ , for δ ≥ |S| is inapproximable within a factor of
√

δ · |S| 12−ε′ , and forδ ≥ |S|1+ε

is inapproximable within a factor ofL1−ε′

T , unlessP= NP.

Proof. First of all we introduce a new distanceg to be defined presently and replace the inter-blob distances
(the distance of1 from one blob to the next) inT by this distanceg.

From the list of cases in the proof of Theorem 1, case 2. and case 3. remain untouched by this change. For
case 1. (where the “1” in the expression is now a “g”) we choosec in our assumptionδ ≥ c · n2 · B such
that

√
δ/2 ≥ n

√
B and we chooseg such that

√
δ/2 ≥ n · g. Choosingg :=

√
δ/2n will be fine.

For case 4. the relative increase in distance between two neighboring points in a blob inS would be at least
y := g/ 1√

δ·B if they were split onto two blobs inT . This would amount to a distortion ofy ·
√

δ (note that

expansion(f−1) ≥
√

δ). The optimum solution is only “allowed” a distortion ofδ. Thus, unless P= NP,
there can be no approximation algorithm with ratio better than

y ·
√

δ

δ
=

g ·
√

δ · B ·
√

δ

δ
=

√
δ ·

√
B

2n
≥

√
δ · B 1

2
(1−ε′), (1)

with our choice ofg :=
√

δ/2n above. For the inequality we make the assumption ofB ≥ n4/ε′ , which
yields B

4n2 ≥ B
4Bε′/2

= 1
4B1−ε′/2 ≥ B1−ε′ . Making this assumption poses no problem, sinceB can easily

be increased (i.e. by “blowing it up” similarly to what we do with S), if this should not hold. Let us consider
the first statement in the theorem.

δ ≥ |S|ε, δ ≤ |S|. We blow upS andT again, as in the proof of Theorem 1, but we proceed more
carefully. Before adding any points to the huge blob, we knowthat δ ≤ |S| ≤ c · n2 · B (the first by
assumption, the second since|S| = n · B holds in the beginning). Now we increase the blob and therebyδ
(since by assumptionδ ≥ |S|ε) until we have equalityδ = c′′ ·n2 ·B for some appropriately chosen constant
c′′ ≥ c. We obtainδ ≤ 2 · c′′ · Bε′/2 · B ≤ B1+ε′ and with (1) thus

y ·
√

δ

δ
≥

√
δ · B 1

2
(1−ε′) ≥

√
δ · δ

1

2
· 1−ε′

1+ε′ ≥ δ1−ε′ .

This gives the first bound for the approximation ratio.

δ ≥ |S|. For the second bound in the theorem we lower boundB in terms of|S|. To obtain a good bound
we will blow up the extra blob ofS andT only slightly: we increase the blob until|S| = B1+ε′, which is
enough to ensureδ ≥ B1+ε′ ≥ c · B1+ε′/2 ≥ c · n2 · B as needed. Note that we assumedB ≥ n4/ε′ , as
before. We insert|S| = B1+ε′ into (1):

y ·
√

δ

δ
≥

√
δ · |S|

1

2
· 1−ε′

1+ε′ ≥
√

δ · |S| 12−ε′ .

δ ≥ |S|1+ε. For the third statement in the theorem we will again search for a lower bound ofB in (1), but
now by an expression inLT . In this case we will not blow upS andT with an extra blob, but instead stick
to the original construction. The two “extra” points which were added to ensureexpansion(f−1) ≥

√
δ can
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be added at distance 1 from the other blobs inS and at distanceg from the other blobs inT . Clearly, if a
blobSi is split apart and partly mapped onto these two points, this again yields the distortion given in (1).

For the maximum ratio of distances we have for the setT :

LT ≤
1 + g + n ·

(

B√
B

+ g
)

1√
B

= (1 +
√

δ/2n)
√

B + n · B +
√

δ · B/2 ≤ c′ ·
√

δ · B · n

holds, withg :=
√

δ/2n, our assumptionδ ≥ c · n2 · B, and an appropriate constantc′. Note that givenLT

we need to adjust the minimum size of the input (|S|) accordingly.

We replace the assumption made above for the size ofB by B ≥ nmax{8/ε′,1/ε}. The second term in the
“max” expression ensures thatc · n2 · B ≤ c · n · Bε · B ≤ (n · B)1+ε ≤ |S|1+ε. Sinceδ ≥ |S|1+ε holds,
we obtainδ ≥ c · n2 · B as needed. With help of the first term in the “max” expression we obtain for (1):
y·
√

δ
δ ≥

√
δ · B 1

2
(1−ε′/2). We plug inLT√

δ
≤ c′ ·

√
B · n ≤ c′ ·

√
B · Bε′/8 ≤ B

1

2
(1+ε′/2):

√
δ · B 1

2
(1−ε′/2) ≥

√
δ ·

(

LT√
δ

)

1−ε′/2

1+ε′/2

≥ (LT )
1−ε′/2

1+ε′/2 ≥ L1−ε′

T .

This concludes the proof.

In connection to the last bound, the following observation is interesting.

Observation 3. Any embeddingf : S → T has a distortion of at mostL2
T · δ, whereδ is the optimal

distortion, even if(S, dS) and(T, dT ) are arbitrary metric spaces.

Proof. Let the longest and shortest distances in the two metrics be denoted by

dmax
S := max

x,y∈S
dS(x, y) , dmin

S := min
x,y∈S

dS(x, y) ,

dmax
T := max

x,y∈T
dT (x, y) , and dmin

T := min
x,y∈T

dT (x, y) .

Let us consider which distortion these maximum and minimum distances achieve under any bijectionf in
the best case:dmax

S is mapped todmax
T anddmin

S to dmin
T ; any other mapping would in both cases (min and

max) lead to larger changes in distances for at least one of the two corresponding partners. From this fact

we can derive a lower bound for the optimal distortion ofδ ≥ maxa,b∈{−1,1}
(

dmax
S

dmax
T

)a
·
(

dmin
S

dmin
T

)b
. Of the

four possibilities, we focus ona = 1 andb = −1. In the worst case an embeddingf maps the maximum
distance inS onto the minimum distance inT and vice versa. This and our lower bound forδ leads to an
upper bound for the distortion of any embeddingf of

dmax
S

dmin
T

· dmax
T

dmin
S

= LT · dmax
S

dmin
S

≤ LT · dmax
T

dmin
T

· δ ≤ L2
T · δ,

giving the upper bound stated above.
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2.3 Higher Dimensions

For the 3-dimensional problem we can show the following explicit dependence of the inapproximability
ratio on the distortion.

Theorem 4. For any fixedδ > 1 it is NP-hard to distinguish whether two given 3-dimensional pointsetsS
andT have distortion≤ δ or ≥

√
9δ2 − 8.

Proof. By a more detailed analysis of a slight modification of the construction in [15] which we omit
here.

Notice that, in view of the previous theorem, this result is relevant when the distortion is small. Finally, when
the dimension is unbounded (that is, for general finite metrics), the reduction of the previous subsection can
be adapted to establish that the distortion is even harder toapproximate:

Theorem 5. For any fixedδ > 1 it is NP-hard to distinguish whether two given finite metricsS andT have
distortion≤ δ or ≥ δ2.

Proof. (Sketch.)Repeat the construction with all points in the same blob having distance of1 from each
other, while points belonging to different blobs are at distanceδ. This holds for bothS andT . If a 3-
partition exists, then distances ofδ are shrunk to1, but no distances are dilated, and so the distortion isδ. If
a 3-partition does not exist, then certain distances are both shrunk and dilated byδ, and so the distortion is
δ2.

3 Additive Distortion

For the 1-dimensional additive distortion problem we will show that the simplest possible strategy already
yields a2-approximation. The SWEEP-OR-FLIP algorithm either maps the points inS := {s1, . . . , sm} ⊆ R

from left to right ontoT := {t1, . . . , tm} ⊆ R, or flips the point set and maps them from right to left. In
other words, we check the bijectionsf(si) = ti andf(si) = tm−i+1 and keep the better one. It is easy
to see (Figure 2) that this is not optimal. In fact, by choosing a + µ = ∆/2 in the figure we get a gap
of a+∆−µ

∆ = 1.5 − 2µ/∆ when comparing the optimal to the SWEEP-OR-FLIP embedding, for arbitrarily
smallµ > 0.

For the setting where we are given an arbitrary metric space(S, dS) and want to embed onto pointsT :=
{t1, . . . , tm} ⊆ R we will present a straightforward5 + ε-approximation algorithm.

3.1 A 2-Approximation

Before proving that SWEEP-OR-FLIP is a 2-approximation, we give two definitions:

Crossing Points. Consider two pointsx, y ∈ S with x < y and for which their counterparts aref(x) >
f(y). We sayx andy crossin the mappingf .
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T :

a µ

µ a
∆

S:

T :

S:

Figure 2: An example showing that the SWEEP-OR-FLIP strategy does not necessarily yield an optimal
distortion. The embedding to the left has additive distortion ∆ (note that2(a+µ) ≤ ∆). The “left-to-right”
embedding to the right has a larger distortion ofa+∆−µ. Clearly the other direction has a larger distortion
as well.

Relative Movement. For fixedS andT , define therelative movementof thei-th point to beµi := ti − si.

Theorem 6. TheSWEEP-OR-FLIP algorithm yields an additive distortion at most2 · ∆, where∆ is the
optimum additive distortion.

Proof. The proof idea is to fix an optimal embeddingf∗ and to consider different cases for the relative
movementsµi. We then either show that a distortion of2 ·∆ can be obtained by a “left-to-right” or a “right-
to-left” embedding, or arrive at a contradiction by showingthat f∗ has distortion> ∆. With each of the
four steps of the following case analysis we narrow down the situations we need to consider, in terms of the
actual relative movements, and also in terms of the mapping of the first and last point inf∗. We start with
the latter:

f∗(s1) > f∗(sm), i.e. s1 and sm cross: If this is the case, we can completely flipT , e.g. by negating
all elements of the set without affecting the performance ofSWEEP-OR-FLIP. Thus we can assume
f∗(s1) < f∗(sm).

|µi| ≤ ∆, for all i ∈ {1, . . . , m}: Clearly, if we embed left-to-rightf(si) = ti, the obtained additive
distortion is bounded by2 · ∆. To see this take any two pointssi, sj ∈ S and note that due to the
bounded movement the distance ofti andtj can differ by at most2 ·∆ from the distance ofsi andsj.

∀i, j ∈ {1, . . . , m} : |µi − µj| ≤ 2 · ∆: Let µi be the largest relative movement, and by the previous
case assumeµi > ∆. Then translate all points inT to the left, untilµi = ∆. For all j 6= i and the
new relative movements we still have|µi − µj| ≤ 2 · ∆. Thus we haveµj ≥ −∆ andµj ≤ µi = ∆,
the former sinceµi = ∆ and the latter sinceµi is the largest relative movement. In other words,
we modified the instance such that the previous case holds. Ifin the beginning the smallest relative
movement is less than−∆, we proceed analogously translating all points inT to the right.

∃i, j ∈ {1, . . . , m} : |µi − µj| > 2 · ∆: Assumei < j andµi > µj, otherwise exchange the roles
of S andT (the relative movements are negated). Translate all pointsin T in order to haveµi = ∆
andµj < −∆. Due to a simple counting argument, there must bek ≤ i with f∗(sk) ≥ ti and thus
f∗(sk) − sk ≥ µi. Analogously there must be al > j with f∗(sl) ≤ tj and thusf∗(sl) − sl ≤ µj.
We distinguish the following cases:

sk and sl do not cross: We haved(sk, sl) = sl−sk ≥ sj −si andd(f∗(sk), f
∗(sl)) ≤ tj − ti. This

gives a contradiction:d(sk, sl) − d(f∗(sk), f
∗(sl)) ≥ µi − µj > 2 · ∆. See the top picture of

Figure 3 for an example.
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sk and sl cross while sm and sk do not: See the middle part of Figure 3. Sincef∗ projectssk by at
leastµi = ∆ to the right, we must havef∗(sm) ≥ sm, otherwise the distanced(f∗(sk), f

∗(sm))
would be less thand(sk, sm)−∆. Similarly sincef∗ projectsl by at leastµj < −∆ to the left,
we must havef∗(sm) < sm, which gives the contradiction.

sk and sl cross while s1 and sl do not: Analogous to the previous case.

k > 1 and l < m, sk and sl cross, s1 crosses sl, sm crosses sk: See the bottom part of Figure 3.
Let us start by making sure that this is the only case left. Dueto the very first case we know
thats1 andsm do notcross. Sincesk andsl docross, eitherk > 1 or l < m must hold. Assume
the former, then sinces1 crossessl (which it must due to the previous case) we also have the
latter (and again due to the last but one case,sm must crosssk).

Now we consider the distancea, b, c, d, e, andf as given in Figure 3, bottom. Since we have an
additive distortion of∆,

d + e + f ≤ b + ∆ (2)

must hold. Similarly we havef ≥ b + c − ∆, d ≥ a + b − ∆, ande ≥ a + b + c − ∆, which
together gives

d + e + f ≥ 2a + 3b + 2c − 3∆.

Subtracting (2) we obtain the contradiction

0 ≥ 2s + 2b + 2c − 4∆ ≥ 2b − 4∆ > 0.

The last inequality holds sinceb ≥ µi − µj > 2 · ∆. We conclude that there cannot bei, j ∈
{1, . . . ,m} with |µi − µj| > 2 · ∆.

This gives the stated result.

3.2 Embedding an Arbitrary Metric Space to 1D

We are given an arbitrary finite metric space(S, dS) andT ⊆ R. The algorithm INTERVALS below finds a
mapping of the points inS to the points inT within a factor of5 of the optimum additive distortion. For
ease of exposition we start by assuming that we know the optimum distortion∆. Below we note why the
algorithm also works for the case where the distortion is notgiven. We also assume that we know the point
x ∈ S mapped tot1—in fact, we iterate over allx ∈ S.

Feasible Intervals. Fory ∈ S \ {x} we then define its feasible interval as:Iy := [t1 + dS(x, y)−∆, t1 +
dS(x, y) + ∆]. The additive distortion for the pairx, y is≤ ∆ if and only if f(y) ∈ Iy.

ALGORITHM: INTERVALS

1. Given∆ > 0 andx ∈ S, compute the feasible intervalsIy for y 6= x, and map the remaining nodes
of S as follows:

2. Process the feasible intervals by increasing left boundary. For each intervalIy we mapy greedily to
the leftmost pointz in Iy that has not yet been mapped to.
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sk and sl do not cross:

sk sl
S:

T :

sm

sk sl
S:

T :

sms1

a b c

d e f

sk and sl cross and
sm does not cross with sk:

k > 1 and l < m, sk and
sl cross, s1 crosses sl,
sm crosses sk:

si sisk sl
S:

T :

µi µj

Figure 3: Three examples for the cases concerning thati, j ∈ {1, . . . ,m} exist such thatµi = ∆ and
µj < −∆.

Theorem 7. The INTERVALS algorithm yields an additive distortion of5 · ∆, where∆ is the optimum
additive distortion.

Proof. Consider the mappingf∗ that achieves∆, and assumef∗(x) = t1. Since there is a bijection that
maps eachy 6= x to a pointz ∈ Iy (f∗ is an example of such a bijection), and since all intervals have the
same length, it is clear that the algorithm will find such a bijection, call itf . f can increase the distance
between any point pair by at most4 · ∆, since the intervals have a width of2 · ∆. Therefore, the additive
distortion off is within a factor of5 of the additive distortion.

If I NTERVALS succeeds in finding a mapping, it will simply do a left to rightmapping of the remaining
pointsS \ {x} in step 2. Therefore, by iterating over allx ∈ S and checking for eachx the left to right
mapping of the rest, we find the same mapping as INTERVALS without knowing∆ in advance.

4 Open Problems

We have made significant progress towards understanding thecomplexity of computing the distortion of
bijections between point sets. But many open problems remain:

• What is the complexity of the distortion problem on the line for large constant values of distortion?
The dynamic programming approach seems to exhaust itself after3+2

√
2, yet NP-completeness also

seems very difficult.
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• In view of our results, it seems that, for large distortions,the right quantity to approximate is notδ but
log δ. By Theorem 2 we know that it cannot be approximated by a factor better than 2. Is a constant
factor possible? Or is there a generalization of our proof (by some kind of hierarchical 3-partition
problem) that shows impossibility?

• In connection to the last open problem, we may want to define the following relaxation of the dis-
tortion problem: We are given, besidesS, T , andδ, anε > 0, and we are asked whether there is a
bijection betweenall but anε fraction of S andT such that the distortion of this partial map isδ or
less. We conjecture that for anyε there is a polynomial algorithm that approximateslog δ by a factor
of 2.

• Are there better approximation algorithms for the 1-dimensional additive distortion problem? And
can one prove the 1-dimensional problem to be NP-complete?
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[3] M. B ĂDOIU, Approximation algorithm for embedding metrics into a two-dimensional space, in Proceedings of
the 14th SODA, 2003, pp. 434–443.
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