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Abstract

Kenyon et al. (STOC 04) compute the distortion between darmeedsional finite point sets when the
distortion is small; Papadimitriou and Safra (SODA 05) shbet the problem is NP-hard to approx-
imate within a factor of 3, albeit in 3 dimensions. We solveogen problem in these two papers by
demonstrating that, when the distortion is large, it is hardpproximate within large factors, even for
1-dimensional point sets. We also introduce additive disto, and show that it can be easily approxi-
mated within a factor of two.

1 Introduction

Thedistortion problemis the following: Given twad-dimensional finite points set§ 7' C R? with |S| =
|T'| and a real numbe¥ € R (thedistortion) is there a bijectiory : S — T such that we havexpansion(f)-

expansion(f~!) = max, yes (W) - MaXy yes (%) < §? Hered(z,y) denotes the

Euclidean distance between two poimtg € R<.

The distortion problem was introduced by Kenyon et al. [9ovgave an optimal algorithm for 1-dimen-
sional points sets that are known to have distortion lessiha2+/2. Their elaborate dynamic programming
algorithm crucially relies on the small distortion guaesto establish and exploit certain restrictions on the
bijection between the two point sets. Papadimitriou andeSd6] present NP-hardness and inapproxima-
bility results, which hold for both small and large distorts—albeit for the3 dimensional case. In both
papers the question of whether the distortion of 1-dimeraipoint sets can be computed or approximated
if it is not known to be small was proposed as an open problem.

In this paper we resolve this question by establishing s¢\strong NP-hardness and inapproximability
results. In Section 2.1 we show that the distortion problemP-hard in theé-dimensional case when the
distortion is at leastS|¢, for anyes > 0. The proof is a surprisingly simple reduction from the (sgly
NP-completeB-partition problem. By appropriately modifying the proof we show thatthe same range,
even thdogarithm of the distortion cannot be approximated within a factotdydthan 2 (Theorem 2). This
answers an open question posed in [9]. For larger distartfgrowing faster thanS|) we show a further
inapproximability result: The distortion cannot be appneated within a ratio better thabflp‘e, whereLr

is the ratio of the largest to the smallest distance in pahi’s we point out that an approximation ratio of
L?F is always trivial, in any metric space. We make more predisdriapproximability bounds given in [15]
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for 3 dimensions and arbitrary distortion, by making explicé tlependency of the inapproximability ratio
on the magnitude of the distortion. An overview of our inap@mability results:

Dimension | Distortion Inapproximable within
S| =6 = |S[ 5=
d>1 5> 19| N Thm. 2
5 > ’S’1+6 L%F—s’
d>3 §>1 V9-8/02—¢ | Thm. 4
unbounded! | § > 1 o—¢ Thm. 5

Motivated by these strong inapproximability results, wedduce a novel variant of the problem that we
call theadditive distortion problemGiven two finite points set§, 7' C R? with | S| = |T', find the smallest
A € R (theadditive distortion such that there is a bijectioh: S — T with d(z,y)—A < d(f(x), f(y)) <
d(z,y)+ A, forallz,y € S. By a modification of the Papadimitriou-Safra constructiibrs not hard to see
that the additive distortion is NP-hard to approximate bgcdr better than 3 in 3 dimensions. In Section 3
we present a 2-approximation algorithm for this problemhia t-dimensional case andsaapproximation
algorithm for the more general case of embedding an arpitnatric space onto airdimensional point set.
Finally, we conclude by pointing out several open questramnsed by this work.

Remark. The first three and the last inapproximability results carstobengthened by a power af if

we impose the stronger restriction @fpansion(f) < v/§ andexpansion(f~1) < v/§ (which implies a
distortion of< §). In particular the third bound becomé%‘al, which is near optimal since a ratio ﬁffp is

trivial also in this more restricted setting.

Related Work. Especially in view of the drastic increase in the number dfipations concerning embed-
dings of metric spaces, itis astonishing that the low digtomproblem was only introduced very recently [9].
Most Computer Science related work in this area focuses@agdtiing where a given finite metric space is
to be embedded into dnfinite host space, usually a low dimensional Euclidean space oidth methods
from this area do not seem to apply to our setting of embedaifigite metric onto another finite metric,
we give a brief overview of related work.

From a theoretical point of view there has been a large isténdinding worst case bounds for the distortion
of embedding a class of metrics, e.g. see the surveys [83]1The problem of finding a good embedding
for a given metric (*good” compared to an optimal embeddifidhts, same metric) is practically more
relevant and consequently the vast majority of researchisnarea—also referred to as multi-dimensional
scaling—has been on devising good heuristics. See the agb-qf the working group on multi-dimensional
scaling [14] for an overview and an extensive list of refees An important theoretical result is Linial
et al.’s [12] adaption of Bourgain’s construction [2]. Thesesent an approximation algorithm based on
semidefinite programming for finding a minimum distortion@dding of a given finite metric. Kleinberg
et al. [10] consider approximate embeddings of metrics foictv only a small subset of the distances are
known. Slivkins [16] recently can improve on the results.s@dkecently Badoiu et al. [4] give several
approximation algorithms for low distortion embeddingsétrics intoR' andR?. The notion ofadditive
distortion has also been considered for the case where a firétric is to be embedded into an infinite
host space. Hastad et al. [7] give a 2-approximation forctme of embedding intR and prove that the
problem cannot be approximated withip3, unless P = NP. Later Badoiu [3] and Badoiu et al. [5] gave an
approximation algorithm and a weakly quasi-polynomialdiaigorithm, respectively, for 2 dimensions.



Other research loosely related to the distortion probleomithe minimum bandwidth problem (see e.g. [6])
and the maximum similarity problem [1].

2 Thelnapproximability of Distortion

2.1 NP-hardness

Theorem 1. The distortion problem i®NP-hard for 1 dimension and any fixed > |S|¢, for any constant
e > 0.

Proof. We reduce the well know8-partition problem to it. In this problem we are given a sétof 3n
items A = {1,...,3n} with associated sizes,,...,as, € N, and a boundB € N, with B/4 < a; <
B/2, for eachi, and S0 a; = n B, and we must decide whethelr can be partitioned inta disjoint
setsly, ..., I,—1 such thatzlelj a; = B,forj =0,...,n — 1. Note that due to the bounds for the item
sizesa;, all sets/; must have cardinality.

We now describe how to construct the point seend7’ on the line (see the left part of Figure 1). The point
setS consists oBn blobs of pointsSy, . . . , Ss,, where blohS; hasa; points. Points in a blob are distributed
regularly along the line with distance:= 1/+/¢ - B from one point to the next. The blobs themselves are
also distributed regularly along the line with distarickom one to the next, i.e. two neighboring points in
different blobs have distande The point sefl’ is very similar: it consists of blobsTi, ..., T, of size B.
Here the distance of neighboring points within a blobis/B and if they are in different blobs it is again
Finally, we add two points to both and T, far away from the blobs. Their distancelhis 1 and their
distance inS is v/§ (clearly the points can be added such that they need to beadapyo each other in

order to obtain distortior< 6). This ensures thatcpansion(f ') = max, yes <W) > /.
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Figure 1: Left: the point setS and7T" on a line constructed from a given instance of 3-partitioighR the
mapping of three blobs if to one blob inT".

Our aim is to show how to derive a low distortion mapping ofrpeifrom.S to T" given a solution of the
3-partition instance and vice versa, assuming dhatc - n? - B, for an appropriately chosen constant 1.
We start with the forward direction. The mapping is straigintvard: we map blobs;, , S;,, S}, to blobT}
(simply one blob next to the other, as shown in Figure 1 onitjte); if 7; = {ji, j2, j3}. In order to see



that the distortiory is not violated we check the largest possible changes iartist (relatively speaking)
and show thatxpansion(f) < v/6 andexpansion(f~') < /4 hold, leading to three cases:

1. Two neighboring blobs, andS; are spread as far apart as possible. The distance betwe@oitws
hereby increases fromto less than

n-<B-\/—1§—|—1>:n-(\/§—|—l)§\/§,

under the assumptioh> ¢ - n? - B with some constant, which is chosen large enough.

2. The leftmost and the rightmost blob$hi.e. S; and.Ss,,, are mapped next to each other into the same
blob inT". The distance decreases from less thatB/+/d - B+ 3) to 1/v/B. This leads to an upper
bound for the relative distance change of

- (V59)

\/_ <n\/_<\[ +3>§\/5,

again with the assumptioh > ¢ - n? - B and some appropriately chosen constawhich clearly
exists).

3. What about the distance increase for two points in the daloi® All distances of points within a

blob increase by exactljt /v/B)/(1/v/6 - B) = /4.

For the other direction we only need to check that a fflpbbannot be split up and mapped to two or more
different blobs inf".

4. Two neighboring points in a blob i cannot be mapped to two different blobsih The rela-
tive increase in distance would k¢ ﬁ > /4. Together with the two “extra” points that force

expansion(f~!) > /¢ this would yield a distortion> .

This ensures that in a low distortion mapping fréhto 7" always exactly three blobs froswill be mapped
to one blob fronil’, as wanted.

In order to obtain the nice lower bound fdwe now add a huge blob to both of them which is far away from
all other blobs and whose points are very close to each o@learly this can be done in such a manner
that all points in this huge blob if will be mapped directly to the corresponding huge blofi"inwithout
interfering with the mapping of all other points. We stantgith | S| = n - B points and increase the number
of points in the huge blob untjlS|* > ¢- n? - B. Sincee is a constant the resulting input size will still be
bounded by a polynomial. O

2.2 Inapproximability

We now describe how to modify the proof in order to obtain tinersy inapproximability results for large
Let Ly := Mﬁ(; be the ratio of maximum to minimum distanceZin

ming yer d(



Theorem 2. For anye, &’ > 0, thel-dimensional distortion problem fd5| > § > |S|¢ is inapproximable
within a factor of§*~<', for § > |S| is inapproximable within a factor of/6 - ]S]%“E', and forg > |S|**¢
is inapproximable within a factor a1, unlessP = NP.

Proof. First of all we introduce a new distangdo be defined presently and replace the inter-blob distances
(the distance of from one blob to the next) iff" by this distancey.

From the list of cases in the proof of Theorem 1, case 2. anel @agmain untouched by this change. For
case 1. (where thel” in the expression is now a;*) we choosec in our assumptiod > ¢ - n? - B such
that/6/2 > n\/B and we choosg such thaty/s/2 > n - g. Choosingg := /4 /2n will be fine.

For case 4. the relative increase in distance between twblp@iing points in a blob i¥ would be at least
Y= g/ﬁ if they were split onto two blobs iff”. This would amount to a distortion gf- /¢ (note that

expansion(f~!) > 1/§). The optimum solution is only “allowed” a distortion 6f Thus, unless P- NP,
there can be no approximation algorithm with ratio bettanth

y Vo _gVi-B-VO_ s VB s i
2n — ’

3 3 (1)

with our choice ofg := \/§/2n above. For the inequality we make the assumptiors of n4/¢", which
yields 25 > 2 = 1B'=¢'/2 > B1=¢'. Making this assumption poses no problem, sifitean easily
be increased (i.e. by “blowing it up” similarly to what we ddthwS), if this should not hold. Let us consider

the first statement in the theorem.

d > |SI5,6 < |S|. We blow upS andT again, as in the proof of Theorem 1, but we proceed more
carefully. Before adding any points to the huge blob, we kibat§ < |S| < ¢ -n? - B (the first by
assumption, the second sinég = n - B holds in the beginning). Now we increase the blob and theseby
(since by assumptiofi > |S|¥) until we have equality = ¢’ -n?- B for some appropriately chosen constant
d’ > ¢. We obtaind < 2- ¢’ - BE'/2. B < B¢ and with (1) thus

y- Vo
5

> V5. BRI~ > /G 531 > g1

This gives the first bound for the approximation ratio.

0 > |S|. Forthe second bound in the theorem we lower boBrid terms of|S|. To obtain a good bound
we will blow up the extra blob of and7 only slightly: we increase the blob untif| = Bt which is
enough to ensuré > Bt > ¢. B1t<'/2 > ¢. n2. B as needed. Note that we assunig¢d> n*/<’, as
before. We insertS| = B'*< into (1):

y- Vo
5

> V3 |SF T > VG |8

d > |S|**e. Forthe third statement in the theorem we will again search fower bound of3 in (1), but
now by an expression ih7. In this case we will not blow up andT” with an extra blob, but instead stick
to the original construction. The two “extra” points whickese added to ensuegpansion(f~1) > /4 can



be added at distance 1 from the other blob$'iand at distanceg from the other blobs ifi". Clearly, if a
blob S; is split apart and partly mapped onto these two points, tiéénayields the distortion given in (1).

For the maximum ratio of distances we have for thelset

1+g+n-<%+g)
Ly < - =(14+Vé/2n)VB+n-B+Vs-B/2<c-V§-B-n

VB

holds, withg := /6 /2n, our assumptiona > ¢-n? - B, and an appropriate constant Note that giverL
we need to adjust the minimum size of the inp$t|Y accordingly.

We replace the assumption made above for the siz8 by B > n™x{8/¢".1/¢}  The second term in the
“max” expression ensures thatn?- B <c-n-B°-B < (n-B)' < |S|'*. Sinces > |S|'*+¢ holds,
we obtainé > ¢ - n? - B as needed. With help of the first term in thedx” expression we obtain for (1):

# > /6 - B3(1=¢'/2)_we plug mL—\/%‘ <d . VB-n<d. -vB-B® < B3+e/2).

/

\/33%(1—5’/2) 2 \/5 <%> 1+e’/2 (LT)1+§/5§ > Ll e’

This concludes the proof. O

In connection to the last bound, the following observat®mteresting.

Observation 3. Any embeddingf : S — T has a distortion of at most? - 6, whereé is the optimal
distortion, even i{ S, ds) and (7', dr) are arbitrary metric spaces.

Proof. Let the longest and shortest distances in the two metricebetdd by

dg* = d d¥"™ .= min d
S max s(z,y), s Join s(z,y),

dPe .= max dp(x,y), and dP™ := min dp(z,y).
z,yeT z,yeTl

Let us consider which distortion these maximum and minimistadces achieve under any bijectignn
the best casei?'** is mapped tal;?** anddZ" to d7*""; any other mapping would in both casesit and
max) lead to larger changes in distances for at least one of tbebtrresponding partners. From this fact

we can derive a lower bound for the optimal distortionyof max, (11 (j@f)a : (Z:Z) Of the
four possibilities, we focus om = 1 andb = —1. In the worst case an embeddifignaps the maximum
distance inS onto the minimum distance i and vice versa. This and our lower bound fdeads to an
upper bound for the distortion of any embeddifhgf

dg’bal‘ dma:c dmax max

Ly -t —.5<L%-9,
dg_‘mn

dmin ’ dmm = Ltr- dmm S
T S S

giving the upper bound stated above. O



2.3 Higher Dimensions

For the 3-dimensional problem we can show the following ieiptlependence of the inapproximability
ratio on the distortion.

Theorem 4. For any fixedy > 1 it is NP-hard to distinguish whether two given 3-dimensional psgtsS
andT have distortion< ¢ or > /962 — 8.

Proof. By a more detailed analysis of a slight modification of the stnrction in [15] which we omit
here. O

Notice that, in view of the previous theorem, this resuleigvant when the distortion is small. Finally, when
the dimension is unbounded (that is, for general finite rogtrithe reduction of the previous subsection can
be adapted to establish that the distortion is even hardgpgmximate:

Theorem 5. For any fixedy > 1 itis NP-hard to distinguish whether two given finite metri€end 7" have
distortion< & or > §2.

Proof. (Sketch.)Repeat the construction with all points in the same blobrwadistance ofi from each
other, while points belonging to different blobs are atatsed. This holds for bothS andT'. If a 3-
partition exists, then distances @fre shrunk td, but no distances are dilated, and so the distortion i
a 3-partition does not exist, then certain distances ate $lotunk and dilated by, and so the distortion is
52 O

3 Additive Distortion

For the 1-dimensional additive distortion problem we whlbg/ that the simplest possible strategy already
yields a2-approximation. The ®Eer-OR-FLIP algorithm either maps the pointsth:= {s1,...,s,} C R
from left to right ontoT" := {¢1,...,t,} C R, or flips the point set and maps them from right to left. In
other words, we check the bijectiorfs;) = ¢; and f(s;) = t.,—i+1 and keep the better one. It is easy
to see (Figure 2) that this is not optimal. In fact, by chogsin+ ¢ = A/2 in the figure we get a gap
of “P2=# — 1.5 — 2,1/ A when comparing the optimal to ther&eP-OR-FLIP embedding, for arbitrarily
smally > 0.

For the setting where we are given an arbitrary metric spacés) and want to embed onto points :=
{t1,...,tm} C R we will present a straightforwarsl+ c-approximation algorithm.

3.1 A 2-Approximation

Before proving that WEEP-OR-FLIP is a 2-approximation, we give two definitions:

Crossing Points.  Consider two points;, y € S with 2 < y and for which their counterparts aféx) >
f(y). We sayz andy crossin the mappingf.
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Figure 2: An example showing that thevEEP-OR-FLIP strategy does not necessarily yield an optimal
distortion. The embedding to the left has additive distorth (note tha(a + i) < A). The “left-to-right”
embedding to the right has a larger distortiomeaf A — pi. Clearly the other direction has a larger distortion
as well.

Relative Movement. For fixedS andT, define theelative movemertf thei-th point to beu; := ¢; — s;.

Theorem 6. The SWEEP-OR-FLIP algorithm yields an additive distortion at maodt A, whereA is the
optimum additive distortion.

Proof. The proof idea is to fix an optimal embeddirfg and to consider different cases for the relative
movements.;. We then either show that a distortion2fA can be obtained by a “left-to-right” or a “right-
to-left” embedding, or arrive at a contradiction by showthgt /* has distortion> A. With each of the
four steps of the following case analysis we narrow down tluatons we need to consider, in terms of the
actual relative movements, and also in terms of the mapgiigedfirst and last point inf*. We start with
the latter:

f*(s1) > f*(sm), 1. s1 and s,, cross. If this is the case, we can completely flip e.g. by negating
all elements of the set without affecting the performanc&wEErP-OR-FLIP. Thus we can assume

f(s1) < f*(sm)-

lpi| < A, forallz € {1,...,m}: Clearly, if we embed left-to-righf (s;) = t;, the obtained additive
distortion is bounded bg - A. To see this take any two points, s; € S and note that due to the
bounded movement the distancetphndt; can differ by at mos2 - A from the distance of; ands;.

Vi,j € {1,...,m}: |u; — pj| < 2+ A Lety; be the largest relative movement, and by the previous
case assumg; > A. Then translate all points iy to the left, untily; = A. For allj # i and the
new relative movements we still haype; — ;| < 2- A. Thus we have:; > —A andy; < p; = A,
the former sinceu; = A and the latter since; is the largest relative movement. In other words,
we modified the instance such that the previous case holds.the beginning the smallest relative
movement is less than A, we proceed analogously translating all pointdito the right.

3,5 e {1,...,m}: |u; — pj| > 2 A: Assume; < j andu; > puj;, otherwise exchange the roles
of S andT (the relative movements are negated). Translate all poiritsin order to haveu; = A
andu; < —A. Due to a simple counting argument, there musktbe ¢ with f*(s;) > ¢; and thus
f*(sk) — sk > p;. Analogously there must bela> j with f*(s;) < t; and thusf*(s;) — s; < p;.
We distinguish the following cases:

sk and s; do not cross: We haved(sy, s;) = s;— s, > sj —s; andd(f*(sg), f*(s1)) < tj —t;. This
gives a contradictiond(sy, s;) — d(f*(sk), f*(s1)) > i — p; > 2 - A. See the top picture of
Figure 3 for an example.



s and s; cross while s,,, and s, donot: See the middle part of Figure 3. Sinféprojectssy, by at
leastu; = A tothe right, we must havg*(s,,) > s,,, otherwise the distance f*(sx), f*(sm))
would be less thad(sy, s,,) — A. Similarly sincef* projects! by at leasf:; < —A to the left,
we must havef*(s,,) < s, which gives the contradiction.

s and s; crosswhile s; and s; do not: Analogous to the previous case.

k > 1andl < m, s and s; Cross, s, Crosses sy, s,, Crosses si: See the bottom part of Figure 3.
Let us start by making sure that this is the only case left. uthe very first case we know
thats; ands,,, do notcross. Since,, ands; docross, eithek > 1 orl < m must hold. Assume
the former, then since; crossess; (which it must due to the previous case) we also have the
latter (and again due to the last but one cagemust crossy).

Now we consider the distaneeb, ¢, d, e, and f as given in Figure 3, bottom. Since we have an
additive distortion ofA,
d+e+ f<b+ A (2)

must hold. Similarly we havg > b+c—A,d > a+b— A,ande > a + b+ ¢ — A, which
together gives
d+e+ f>2a+3b+ 2c — 3A.

Subtracting (2) we obtain the contradiction
0>2s+2b+2c—4A >2b—4A > 0.
The last inequality holds sinde> p; — p1; > 2 - A. We conclude that there cannot hg <

{1,...,m}with [p; — pj] > 2- A.

This gives the stated result. O

3.2 Embedding an Arbitrary Metric Spaceto 1D

We are given an arbitrary finite metric space ds) and7" C R. The algorithm NTERVALS below finds a
mapping of the points %' to the points inT” within a factor of5 of the optimum additive distortion. For
ease of exposition we start by assuming that we know the optimistortionA. Below we note why the
algorithm also works for the case where the distortion isginan. We also assume that we know the point
x € S mapped ta;—in fact, we iterate over alt € S.

FeasibleIntervals. Fory € S\ {z} we then define its feasible interval &§::= [t; + dg(x,y) — A, t1 +
ds(z,y) + A]. The additive distortion for the pair, y is < A if and only if f(y) € I,,.

ALGORITHM: INTERVALS

1. GivenA > 0 andz € S, compute the feasible intervalg for y # z, and map the remaining nodes
of S as follows:

2. Process the feasible intervals by increasing left boyndzor each interval, we mapy greedily to
the leftmost point in I, that has not yet been mapped to.
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Figure 3: Three examples for the cases concerningithae {1,...,m} exist such thag; = A and

pi < —A.

Theorem 7. The INTERVALS algorithm yields an additive distortion d&f - A, where A is the optimum
additive distortion.

Proof. Consider the mapping* that achieveg\, and assum¢g*(z) = t;. Since there is a bijection that
maps eacly # z to a pointz € I, (f* is an example of such a bijection), and since all intervaislthe
same length, it is clear that the algorithm will find such adtfijon, call itf. f can increase the distance
between any point pair by at mosét A, since the intervals have a width ®f A. Therefore, the additive
distortion of f is within a factor of5 of the additive distortion. O

If INTERVALS succeeds in finding a mapping, it will simply do a left to righapping of the remaining
points S \ {z} in step 2. Therefore, by iterating over alle S and checking for each the left to right
mapping of the rest, we find the same mappingNaERVALS without knowingA in advance.

4 Open Problems

We have made significant progress towards understandingotiglexity of computing the distortion of
bijections between point sets. But many open problems remai

e What is the complexity of the distortion problem on the line farge constant values of distortion?
The dynamic programming approach seems to exhaust itsetf3af 21/2, yet NP-completeness also
seems very difficult.
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e Inview of our results, it seems that, for large distortiaihg right quantity to approximate is nébut

log §. By Theorem 2 we know that it cannot be approximated by a fdmtter than 2. Is a constant
factor possible? Or is there a generalization of our progfgtme kind of hierarchical 3-partition
problem) that shows impossibility?

In connection to the last open problem, we may want to defiaddhowing relaxation of the dis-
tortion problem: We are given, besiddsT, andd, ane > 0, and we are asked whether there is a
bijection betweerall but ane fraction of S andT such that the distortion of this partial mapdi®r
less. We conjecture that for amythere is a polynomial algorithm that approximatesd by a factor

of 2.

Are there better approximation algorithms for the 1-dini@masl additive distortion problem? And
can one prove the 1-dimensional problem to be NP-complete?
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